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A CHAPTER ON LIMITS. 
By N. M. Grpsrs. 


Tae course of study pursued by very many boys in secondary 
schools who take an advanced course after matriculation is governed 
by the syllabus of the intermediate examination of a degree in a 
university other than those of Oxford and Cambridge. In London 
those boys who intend to specialise in mathematics generally take 
physics and chemistry as well. It is clear that physics is a valuable 
complementary study for the mathematical specialist, but it is not 
80 clear that chemistry is. It is a pity that the intermediate quali- 
fication cannot be obtained on a syllabus in mathematics a good 
deal more advanced than the present one, coupled with the present 
syllabus in physics. 

But as things are it is necessary, in the interests of the boys, to 
cover the syllabus laid down and to make sure of their success in 
this limited field. As far as mathematics is concerned there is not 
% a rule any difficulty in doing this; and indeed there is often 
some time to spare which can be devoted to persuading the boys 
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250 THE MATHEMATICAL GAZETTE 
to climb some of the foothills that surround Mount Pisgah, from 
which they may perchance catch a glimpse of the promised land of 
mathematical knowledge. 

A very strict selection must be made at this stage. Hardy’s Pure 
Mathematics, for example, would be found to be too strong meat 
for most boys. Yet, if possible, some idea of mathematical rigour 
should be communicated to them. As indicated in my letter to the 
editor in the May number of the Gazette, something can be done in 
this direction—and has been done. It is not suggested that the 
pupils ought to reproduce the work explained to them. Those who 
teach what follows to their pupils can only expect to be rewarded 
by their alertness and their questions, for the subject-matter will be 
found to be really stimulating. 

No apology is made for giving in full Hurwitz’ treatment of square 
root, which, no doubt, is known to all readers, for it is representative 
of his thoroughness throughout his paper,* while at the same time 
I have been enabled by so doing to “short circuit” a good deal 
of the remaining material. I have only allowed myself one liberty, 
and that is to expand his remark “ from the well-known rules of 
convergency ”’ by enclosing the exposition within the four walls of 
the idea of bounded monotonic sequences. 

The numbered sections are concerned with the following subjects : 
1. Square root ; 2. Logarithms ; 3. Exponential function ; 4. Arc 
tangent function ; 5. Notes on the preceding. 


1. If a is any positive number, and 


1 c 
ay=% ore ’ 


where c is the positive number whose square root is sought, then 
Cc 2 
_— a» 
a,2—c +(a a) ; 
Starting from the number a form the sequence 
c c 
a,=} (a+°) 9 200 Bgas=t (a, +=) saws 


Then the squares of these numbers are all greater than or equal 
to c, and, a fortiori, greater than g,?, where g,? is less than c. Also 


c 
An — Any1=} (a,-<) > 0. 


n 
Hence G, Fa, >... SO, So. > J. 
* A. Hurwitz, “ Uber die Einfiihrung der elementaren tranzendenten Funktionen 


in der algebraischen Analysis”, Math, Annalen, 70 (1911), 34-47; Werke, i (1932), 
706-721, 











rom 
d of 


Pure 
neat 
your 
the 
e in 

the 
who 
rded 
ll be 


uare 
itive 
time 
deal 
erty, 
es of 
lis of 


cts : 
. Are 


en 


equal 
Also 


ktionen 
(1932), 











A CHAPTER ON LIMITS 251 


: Again, the sequence b,=c/a,, b,=C/dg,...b,=C/dy, ... 18 steadily 
increasing, while since a, > c, 
e 


b.2— 
An? Cc 


n i 


and, a fortiori, b,2<g,?, where g,2>c. Hence 6, < g,. 


Also a, —b,=G,—— >0. 

an 

Both these bounded monotonic sequences have limits. Let 
lima,=g. Then from 2a,a,,,=a,2+¢ we have 2g?=g*?+c, that 
is, g?=c. Again, a,b,=c. Hence glimb,=c or limb,=c/g=g. 
Thus the existence of a positive solution x=g of the equation 2?=c 
has been proved, and a method of calculating it shown. This solu- 
tion is also unique, for g’?—g? or (g’—g)(g'+g) only vanishes when 
9'=9. 

Let x be greater than 1 and form the sequence 

By 4/2, Bq= 4/2 gy 000 5 Buna Wns 02° 

Then 2, is greater than 1; also 2,?>2, and 80 Xp_1>%pq. 
This sequence is thus decreasing and all its members are greater 
than 1. 

Hence a limit g >1 exists and from 2,?=2,_, we have g*=g 
or g=1. Again, if 0<a2<1, the above sequence will be in- 
creasing with all its members less than 1. Hence when z is positive, 
lim z,,=1. 

When x >1, a, >1 and (a,4+1)(2,—-1)=2,?—-1l=z,_,-1; 
hence 

2(%,-1) <%,_,-—1 or 2"(x, -—1) < 2%-*(a,_, - 1). 


Also art(1-_*.)= a4(1-2) (145 +) <2(1-2). 





n—-1 
When 0<2<1, 0<2, <1, and 
(1 —a,)(1 +2_)=1 —a,2=1 - ayy. 
Hence 2(1 - Ril ed a-1 OF 2"(2,—1) < 2%" (z,_,-1); 
> 1 \/'5 1 
.While ([-+1)(=-1)=—-1, 
l l n-a( l ( l 
Scale ss ee oar) = 
and a(- jas 1, or 2 0 s, 


2. We thus have the following proposition. 

If x is a positive number different from unity, 

(a) the numbers 2,=1/2,... %,=+V/%n_1,--- have the limit 1 
which they reach by decreasing or increasing as x= 1; 

(6) the sequence x—1, 2(x,-1),...2"(x,—1) is decreasing ; 
(c) the sequence 1 -:, 2 (1 = =) Grbiie 


2" ( 1- =} is increasing. 
Ly x. 


n 
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If x=1, all the members of (a) are equal to 1 and those of (6) 
and (c) are zero. The general term of (b) is distinguished from that 
of (c) only by the factor x, whose limit is 1. When 2>1, the 
sequence (b) has a non-negative lower bound, and when 0 <x <1 
the sequence (c) has a non-positive upper bound. Hence, finally, 
the sequences (6) and (c) have the same limit which we define as 
log x ; thus 


log «=lim 2" (x, —1)=lim 2” (1 ~+) , for 0<a%< ~. 
(i) Every member of (c) is smaller and every member of (5) is 
greater than the common limit of these sequences: in particular, 


1-= <logx<2-1 and 2(1 ~ a) < loga < 2(4/2-1). 
Also log 1=0. 
(ii) If 2 and é are positive, 
log x€=lim 2" (x, €,,— 1) 
=lim {2"z, (€, — 1) +2"(2x, —1)} 
=lim z,, lim {2"(€, — 1)}+ lim 2"(z,,— 1) 
=log €+log x, since lim z,,=1. 
Replacing x by a/f, we have log (x/é)=log x —log €; and further, 
putting x=1, log (1/é)= — log €. 
(iii) If x is greater than 1, it follows from (i) that log x lies be- 
tween two positive numbers and is therefore itself positive. Hence 


if «>, logx—log &=log (x/é)>0. Hence logz is a steadily 
increasing function. 


(iv) From (i) and (ii), on replacing x by 1+h/x, we have 
h/(x+h) < log (w1+h) —loga < h/x. 
Hence log x is a continuous function and also 
lim [{log (7 +h) — log x}/h]=1/z, 
h—0 
i log 1+n)| =1, 
(v) If k denote any large fixed integer and x > 2*, then 
log x > k log 2. 
Hence log x tends to infinity with x, while from (ii) 


lim log x= — @. 
z—>0 


The interval of the value of log zis thus -» to +o. 
(vi) From (i), on division by z, 


while lim { 
h—0O 


2(5- ag) <e<2(-2), 
whence lim log = si, 


gan wee 
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(vii) Finally we can show that (log x)/(z2—1) steadily decreases, 
while the last equation of (iv) shows that it will be a continuous 
function for positive x if we give it the value 1 for x=1. Let 
z>zx’, and form the sequences x7, =1/%p_}, %,/=V2'n-1. Then 
Sq > 2m’. Also 

%,-1 %-1. I! 1 Lm'-1 


as ees ees er es bes 

Both sides of this relation are positive. Putting m=1, 2, 3,...n, 
and multiplying the inequalities together, then multiplying by 2” 
and proceeding to the limit, we have 


Es BES 
2-1 ~2'-1° 


3. The exponential function E(x) is defined as the inverse of the 
function log a, and the general exponential x* (for any real a and 
positive 2) by means of 2*=EH(alogx). The properties of these 
functions can be obtained from that of the logarithm, but the 
author only exhibits H (x) as the limit of two sequences. 

Let x be given and h+0 only subject to 1+h~a>0. Then 
from 


(1+he)it= EB {ec +™)) 


in conjunction with the last equation of 2 (iv), it follows that 


lim (1 +ha)1/*= EF (a). 
h—0 


From 2 (vii) we have that {log (1+Aa)}/ha decreases or in- 
creases with increasing h, according as «= 0, while {log (1+ha)}/h 
decreases with increasing h, whether «=0, as may be seen by 
taking the two cases separately. Hence (1+hzx)1/" is a steadily 
decreasing function of h. Thus as h passes through a set of con- 
tinuously decreasing positive values which approach zero, so 
(1+ha)!/" increases and approaches EH (x); while as h passes through 
a set of negative increasing values approaching zero, (1+ha)1!/" 
decreases and approaches H (x). Taking the particular case h= + 1/n, 
where n is a positive integer, E(x) is the common limit of the 
sequences : 


(1+%), (143) ,...(1+2) .., 
and at). (4 eee (es eer 


the first being increasing and the second decreasing. In these the 


an 
members of ( 1 +") for which 1 +— is not positive are suppressed. 
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4, From an arbitrary value of x we may form{the sequence 

x ates -_ 
“Teva Teva) 
which steadily decreases or increases to zero according as x is 


positive or negative. 
Consider the sequences 2, 2a,,..., 2"%,,.. 





vy 


x 22, 2"2., 
V (+a)? f(L+2,%)’°" o/(1+27,)? 

When x>0 the first is decreasing and the second increasing ; 
when x< 0, vice versa. We define arc tan x as the limit of both 
sequences, so that arctanz=lim 2"z,. To obtain the addition 
theorem from this definition, let z and ¢ be two numbers which need 
only satisfy the condition 7 <1. Let w=(x+é)/(1—aé) and let 
£, &,..-E,,... and wu, U,,...uU, follow the above sequence rules. 
Since 2 <1, it follows that 2,é, <1,...2,¢, <1. Further 


v(l+a%)Vv (1+) n+é 
2 — . 
i stakes t l-at V+) 

Expressing x and é in terms of x, and é, we find 

Uy = (& + §)/(1 - 748), 

and eventually u,=(x,+é,)/(l1—2,€,). Multiplying this equation 
by 2" and proceeding to the limit we obtain (since lim z,, and lim &, 
are each zero), arc tan w=arc tanz+arc tan é, or when xé <1, 
are tan x+arc tan ¢=are tan {(x+£)/(1—2é)}. 

From this definition of the arc tangent, the theory of the other 
circular functions may be deduced. 

Alternatively, if 0 <<2<1, we may form a sequence in which 
&,2=4} {1 -—+/(1-—2x,_,”)}, which steadily decreases to zero, and then 
the function lim 2"z,, will be found to obey the addition formula for 
arc sin zx. If further we form the sequence in which 


t=} {1-V/(1-%y+)}, 
it will be found that lim 4"x,, exists. Calling this f(x) and putting 


V/u=/{x (1—£)}++/{E(1—2x)} where ¢ and u follow the same 
sequence rule as x we shall eventually obtain 


VUn=V{%n(1 — End} + ¥L{En(1 — nd}; 
so that Vf(u)= Vf (a) + VFO): 
and f(x) is the familiar (arc sin +/z)*. 
5.1. Differential coefficient of +/c. 
We have a, >/c>b,, and a,'’>+/c’>5,', say. Hence 
a,+a,' > /e+~/c’ > 6, +5,’, 
uni 1 ie Ve— ve’ 1 


An t+Qn' <e b, +6," 
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hence Sar <DvYe< 
or Dy/c=1/2Vc. 


5.2. To find the number whose logarithm is 1. 


a 
2b 


n 


In (vii) put z=1+h. Then i log (1+) steadily increases as h 


decreases and to the limit 1 as h tends to 0 by (iv). Let h=1/n, 
where 7 is a positive integer. Then by (ii) 


nlog (1+ ~)= log (1+2)". 


1\" ae nee ae 
Hence ( 1+ *) steadily increases to a limit as » tends to infinity. 


By the binomial theorem for a positive integral index 


De 1 
(1 +c] =Cn— 5, Ona 


1 1 
where € n=1+1+5; tetas and e’,9 < €n-2- 
l n 
Hence lim (1+-) = lim ¢, =e. 


5.3. Differential coefficient of e*. 


We have x-1>logx>1-.a"; hence e*1>~2 and e!-*'* <a, 
In the first put z=1+h (h> 0), and in the second put 2=1/(1-h). 
Then e*>1+h and 


h 
h ee wer 
<1/(l-h)=1+5 5; 
e —] 1 
hence 1 S . ot ae 
a 
and lim © — a : 
h—>0 h 
eth _ of 
thus lim © re =e. 
h—0 h 


5.4. Example. Take x= 4/3, then x,= VS =1/v3, 


ie 
“Te V(l+h) 243° VV 
2-4/3 2-4/3 _ -268 





“3-14 4/f1+(2—-3)} 1+6—-V2 2030" 


Then 27,=1-1547, 2%7,=1-0718, 2%%,=1-0532 while arc tan 1/3 
or x/3=1-0472. N. M. G. 















THE MATHEMATICAL GAZETTE 
THE PROBLEM OF 4A, B, C AND D. 


By Sim A. S. Epprnerton. 


If A, B, C and D each speak the truth once in three times (indepen- 
dently), and A affirms that B denies that C declares that D is a liar, 
what is the probability that D was speaking the truth ? 


I UNDERSTAND that this problem appeared many years ago in a 
mock examination paper in the Granta. I heard of it from Dr, 
A. C. D. Crommelin in 1919, when A, B, C and D, (or more strictly 
C, C’, D and E) were about to start on the eclipse expeditions which 
verified Einstein’s prediction of the deflection of light. Crommelin 
in an after-dinner speech hinted that this problem might arise. I 
made use of it in my book New Pathways in Science, and rashly 
gave my solution—the result being a considerable increase in my 
correspondence. I hope the following explanation will be suffi- 
ciently clear to avert a similar sequel to its appearance in the 
Mathematical Gazette. 

Disagreement falls under two heads: (a) disagreement with my 
interpretation of the question, and (6) disagreement with the calcu- 
lation itself. Some critics gravely inform me that the question is 
loosely worded ! It is not beyond reproach ; yet I think it compares 
favourably with many questions which appear in real examination 
papers. For example, it is argued that D may have “ truthed ” or 
lied or said nothing at all; and since we are given no information 
as to the a priori probability of the last alternative the problem is 
insoluble. Similarly, when we are asked what is the probability of 
drawing a red ball out of an urn containing x red and y white balls, 
the problem is insoluble because we are not told the probability 
that a draw will be made at all ; but I would not advise a candidate 
to return that answer in an examination. I presume that the 
question “ What is the probability that D was speaking the truth?” 
implies that D has made some particular statement ; and that when 
C called D a liar (if he did) it was to that statement that C referred. 
I therefore translate the latter part of the question, ““ D made a 
statement X, and A stated that B denied that C contradicted X. 
What is the probability that X is true ? ” 

We therefore know (on the authority of the examiner) that two 
statements were made, viz. 


(1) D’s statement, X. 
(2) A’s statement, ‘‘ B denied that C contradicted X”’. 


We do not know that B and C made any relevant statements. For 
example, if B truthfully denied that C contradicted X, there is no 
reason to suppose that C affirmed X. 

It will be found that the only combinations inconsistent with the 
data are 


(x) A truths, B lies, C truths, D truths ; 
(8) A truths, B lies, C lies, D lies. 
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For if A is lying, we do not know what B said; and if A and B 
both truthed, we do not know what C said. 

Since (x) and (8) occur respectively twice and eight times out of 
81 occasions, D’s 27 truths and 54 lies are reduced to 25 truths and 
46 lies. The probability is therefore 25/71. 

To see that this method is correct, substitute the following problem 
which is evidently equivalent. Let the six faces of a die be marked 
with two 7’s and four L’s. The die has been thrown four times. 
We are told (by the examiner) that the combinations TLTT and 
TLLL did not occur. What is the probability that the fourth throw 
was 7' ? 

Or again—you are to receive £1 if the fourth throw is 7’, subject 
to the rule that if the throws are TLTT or T'LLL the play does not 
count and the four throws are made again. How much should you 
pay for your chance ? 

It is to be remembered that by the enunciation the four gentlemen 
utter truths and lies in a random way, as though they decided by 
throwing dice ; and the relevance of the information (2) is that it 
shows that on the occasion in question certain combinations did not 
occur. 

It may be objected that in counting our 81 occasions we have 
provided for B and C having made statements, although it is dubious 
whether they said anything. I think the reader will easily convince 
himself that this is a legitimate simplification of the calculation. 
If C said nothing at all about X, we may (without affecting the 
probability of X being true) suppose him to have made a remark 
about the weather. 

Of fallacious solutions the most interesting is as follows. Out of 
81 occasions— 

A lies 54 times. Then his statement gives no clue as to whether 
D truthed or lied. Hence D has his usual proportion, viz. 18 truths 
to 36 lies. 

A truths and B truths, 9 times. Again there is no clue, and D 
has therefore 3 truths to 6 lies. 

A truths and B lies, 18 times. Then C contradicts D. Since C 
and D are equally trustworthy or untrustworthy, X has an equal 
chance of being true or false. This gives D 9 truths to 9 lies. 

Adding the results, D has 30 truths to 51 lies, so that the proba- 
bility is 30/81. 

The fallacy lies in the fact that it is rather unlikely that two 
habitual liars will contradict one another. In fact there is an a priori 
probability of 8 that C and D will support one another. In (2) we 
are told definitely what A’s statement is ; and the probability that 
it is true depends, not only on A’s character for truthfulness, but 
also on the intrinsic probability of the statement itself. This com- 
bination of evidence makes it impracticable to attack the problem 
in the direct manner attempted. The failure of the direct attack 
shows the advantage of the “ Exclusion method ”—which was my 
teason for reviving the problem. A. 8. E. 
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ON GEODESIC ELLIPSES AND HYPERBOLAS 


By C. E. WEATHERBURN. 


Tue following approach to the study of geodesic ellipses and hyper- 
bolas is instructive, and leads to a generalisation in Riemannian 
geometry. 

Let u=const. and v=const. be two families of parallels on a given 
surface, uw and v being the distances of the current point P from the 
curves u=0 and v=0, measured along the geodesics through P 
orthogonal to the two systems of parallels. If a is the unit tangent 
to the curve v=const. in the sense of w increasing, a’ that to the 
curve u=const, in the sense of v increasing, and w their inclination, 
then a.a’=cosw ; and since the curves are families of parallels, 

div a=0=div a’, 
differential invariants being taken with respect to the metric of the 
surface. The unit surface-vector b orthogonal to v=const. in the 
sense of v increasing is given by b=grad v=Vv ; and the unit vector 
b’ orthogonal to w=const. in the sense of v increasing by b’=Vu. 
The inclination of these two vectors is 7—w. 








—— 
\ v=0 


The geodesic ellipses with respect to the two systems of parallels 
are the curves u+v=const., and the geodesic hyperbolas the curves 
u—v=const. The surface vector perpendicular to the ellipse 
through P has the direction of grad(u+v), i.e. of b+b’: and the 
tangent to the ellipse is therefore parallel to a—a’. Similarly, the 
tangent to the geodesic hyperbola is parallel to a+ a’; and the two 
curves are orthogonal since a and a’ are unit vectors. Also, their 
tangents are the internal and external bisectors of the angles be- 
tween the tangents a, a’ to the given curves. Thus the geodesic 


ellipses and hyperbolas bisect the angles between the two systems of 


parallels with respect to which they are defined. 

The unit tangents to the geodesic ellipse and the geodesic hyper- 
bola are }(a—a’)/sin}w and }(a+a’)/cos4w respectively. The 
geodesic curvature of the geodesic ellipse is, to within sign, the 
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divergence of the family of geodesic hyperbolas, and is therefore 


given by 
y=div [}(a+a’) sec }w]=} sec 4w tan fw(a+a’). Vw 
=} tan iw - : 


where dw/ds’ denotes the derivative of w in the direction of the 
geodesic hyperbola. Similarly, the tangential curvature of the 
geodesic hyperbola, or the divergence of the family of geodesic 
ellipses, is to within sign 


y’ =div [4(a—a’) cosec }w]= — 4 cot 4w at L 


where dw/ds denotes the derivative of w in the direction of the 
geodesic ellipse. From this equation it follows that the line of 
striction of the family of geodesic ellipses is the locus of points at 
which w is stationary for displacement along the ellipse; and a 
similar statement holds for the line of striction of the family of 
geodesic hyperbolas. 

The above results may be generalised as follows. Let w=const. 
and v=const. be two systems of parallel hypersurfaces in a Rie- 
mannian V,,, u and v being the distances of the current point P from 
the hypersurfaces w=0 and v=0, measured along the geodesics 
through P orthogonal to the two systems. The unit normals n, n’ 
to the hypersurfaces through P are given by n= grad wu and n’=grad v, 
the gradients being taken with respect to the metric of V,. The 
inclination w of the two normals is determined by the relation 
cosw=n.n’, The family of hypersurfaces w+v=const. may be 
called geodesic hyperellipsoids with respect to the two systems of 
parallels. The normal at P to the surface of this family is parallel 
to grad(w+v), i.e. to n+n’; and the unit normal N is given by 
N=}(n+n’) sec }w. Similarly, the family of hypersurfaces 
u-v=const., which may be called geodesic hyper-hyperboloids, has 
unit normal N’=4(n—n’) cosec }w. These are obviously orthogonal 
to the geodesic hyperellipsoids ; and the normals to the two systems 
of hypersurfaces so defined bisect the angles between the normals 
to the two systems of parallels. 

The mean curvature of the geodesic hyperellipsoid is the negative 
of the divergence of the unit normal with respect to the metric of V,. 
This may be expressed, in terms of the mean curvatures M, M’ of 
the systems of parallels and their inclination w ; for 


—div N= —} sec dw div (n+n’)—}sec hw tan dw (n+n’) Vw 
=4}(M+M’) sec iw —} tan 0, 


where 8w/5n denotes the intrinsic derivative of w in the direction 
of the normal to the hyperellipsoid. A similar formula gives the 
mean curvature of the hyper-hyperboloid. C. E. W. 
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LAGRANGE’S METHOD OF SCALAR ANALYSIS. 
By F. B. Prppvuck. 


1. THovuGH vector analysis is most successful in making the elements 
of a subject attractive, many problems are solved either cumbrously 
or by a more or less disguised scalar analysis. Rectangular unit 
vectors i, j, k are often, anid very properly, introduced at an early 
stage, so that even elementary work may look like Cartesian analysis 
translated into vector notation. Mathematicians are apt to look 
askance at oblique axes, since they fall between two stools, having 
neither the simplicity of the rectangular system nor the adapta- 
bility and wide projective outlook of homogeneous coordinates. 
The intelligent student, passing from the 2?+y*+ 2? of rectangular 
axes to the 27+ y?+2?+2 cos ayz+2 cos Bzx+2 cos y zy of oblique 
axes, feels that he is dealing with the quadratic form 


(a, b, c, f, g, h) (a, y, 2)? 


in confusing speciality, with bc—f? disguised as sin?« and gh-af 
as cos f cos y—cosa. It appears, therefore, that the restriction to 
unit vectors is hampering : also the cumbrousness of oblique resolu- 
tion disappears when put in the form of an addition of vectors, and 
metrical operations like resolution parallel to a line, or perpen- 
dicular to a plane, are treated most simply as scalar products. All 
these points are met by putting into vector notation a too little 
known paper of Lagrange (J. L. Lagrange, Nouvelles Mémoires de 
V’ Académie Royale de Berlin, 1773 ; Guvres, vol. 3, p. 661) in which 
the main properties of determinants and their squares and minors 
are laid out for the purpose in a way that commands universal 
admiration. The present note is an exposition and contains nothing 
new. 

2. Let u, v, w be three vectors, not in the same plane, and let 
their squares and scalar products be 


a=, b=, c=w*, f=vw, g=Wa, A=UV. «..200.0000 (1) 


Then any vector x is a linear function of u, v, w, say Ju+mv+nw. 
Forming the scalar products with u, v, w, 


xu=al+hm+gn, xv=hl+bm+fn, xw=gl+fm-+cn. 
Hence 4/= Axu+ Hxv+ Gxw,..., or 
Ax= (Axu+ Hxv+ Gxw) u+ (Hxu+ Bxv+ Fxw) v 
+ (Gxu + FEV + CXW) W, .......ccsecseeseeveees (2) 
where A, B,... are co-factors of a, 6, ... in the determinant 
4= | ‘ 
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The scalar products xu, xv, xw are a kind of coordinate of x, more 
convenient in metrical work than the coefficients 1, m, » which ex- 
press oblique resolution. Forming the scalar product of (2) with y, 
the scalar product of two vectors x, y is given by 


Axy= (A, B, C, F, G, H) (xu, xv, xw) (yu, yv, YW). ......+ (3) 


Draw lines OU, OV, OW from a point O to represent the vectors 
u, v, w, forming a fundamental tetrahedron OUVW. Then the 
doubled areas of the faces OVW, OWU, OUV are represented by 
the vectors 


p= Pew, 62 FOR, Fo PEP o. icesececcccccascses (4) 


normal to the faces. Thus up=vq=wr=uvw say, a symbol for 
the volume of the parallelepiped with OU, OV, OW as adjacent 
edges, taken positively when OU, OV, OW have the right-handed 
configuration shown in the figure below. Putting x=y=p in (3) 
and observing that p?=A by definition, we have (uvw)?=4, or 


obtained in Cartesian analysis by multiplying determinants. 
Thus 
4?p= Au+ Hv+ Gw, 


A*q=Hu+ Bv+ Fw, 
BP Bn FC4- OR. cccensivsessceverseseennciet (6) 


e From (2) and (6), or independently by the method used to prove 
)s 


A*x= (xp) u+ (xq) v-+ (xr) w= (xu) p+ (xv) q+ (xw)r, Misoxoiet (7) 


equations well known in a slightly different form as dyadic expres- 
sions for the matrix unity. The first is useful in resolutions per- 
pendicular to the faces of the fundamental tetrahedron. 

The scalar and vector products of the six vectors u, V, W, Pp, q, T 
can now be calculated, either directly or by elementary formulae of 
vector analysis, and are laid out in the table on p. 262. 

Sometimes, as in the theory of surfaces, only two vectors appear 
naturally, and the set is completed by taking w= Vuv=r. Then 


p= Vvr=bu-hv, q= — Vur= —hu+av 


are the perpendiculars to u, v in their plane, and 


Cx= (bxu — hxv) u+ (— Axu+axv) v+ (xr) Fr, .........+ (8) 
Cx? = 6 (xu)? — 2h (xu) (xv) +.@(xv)?+ (Er)?,  ......eeeeeee (9) 
Sa ROLES ane Se FO (10) 


C=ab — he. 
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3. Lagrange’s application was to the metrical geometry of the 
tetrahedron. Let OU, OV, OW have the general configuration of 


W 





Oo 


a set of right-handed axes in space, so that OV is behind the plane 
OUW in the figure. The area of the face UV W being represented 
in magnitude and direction by the vector 
$V (u—w)(v—w)=3(p+q+r) 
parallel to the perpendicular from O to the face, the areas of the 
faces OVW, OWU, OUV, UVW are 
4A, 4B, 4C?, 4(A+ B+C+2F+2G4+2H)}, ......... (11) 
and the lengths of the perpendiculars from O, U, V, W on these 
faces are 
4*/A*, A*/B*, At/C?, 4*/(4+B+C+2F+2G+2H)-. ......(12) 
Writing x for the vector OX to any point, the perpendicular from 
X to the plane OVW is the scalar product of x with a unit vector 
»/A* normal to the plane on the side of U, that is, xp/A?. Similarly 
for the plane UV W, except that the expression must be subtracted 
from the last of the expressions (12). Hence the perpendiculars 
from X on the faces of the tetrahedron are 
x» xq x 4} -xp-xq-x1 
At’ Bi’ CP’ (4+ B4+C4+2F+2G+2H)* 
and the tetrahedral coordinates of X are 
xp, xq, xr, 4* —xp—xq- xr 
At 
These quantities can be expressed in terms of xu, xv and xw by 
substituting for p, q, r from (6). 








‘tesa a (14) 
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If X is the circumcentre, x?=(x—u)*, or 2xu=a, 2xv=b, 

2xw=c. Hence the position of the circumcentre is known, and its 

radius is given by 

44R*=(A, B, C, F, G, H)(a, 6, c)*. .........00000 (15) 


Putting the perpendiculars (13) equal to 7, we have for the radius 
of the inscribed sphere 


[A4?+ BP+ 08+ (44+ B+C+4+2F42G+42H)*]r=2?, 


with an elementary interpretation from (11). The vector to the 
incentre is 


(4*u+ Biy+ Chw)/4? + BP +C?+(44+B+C+2F+2G+2H)?}, 


Since the squares of the sides of the fundamental tetrahedron are 
a,b,c, b+c-—2f, c+a-—2g, a+b-2h, the scalar formulae obtained 
hitherto are equations in terms of the squares of the lengths of the 
edges. Thus the formula obtained by putting x=y in (3) must be 
equivalent to Cayley’s identity between the squares of the mutual 
distances of five points in space. 

4. Let the vector s from the origin to a point on a curve in space 
be a function of a scalar parameter ¢. Take as fundamental vectors 


u=da/dt, v=—d'a/d@, w= afdt.  .............ccceceeee (16) 


Then a, 5, c, f, g, h are known functions of ¢, in terms of which 
we now find the curvature and torsion of the curve. The formulae 
are related closely to the work of Hamilton in the Elements of 
Quaternions, and are given explicitly in a paper in the Messenger 
of Mathematics, January 1907. 

The vector u is parallel to the tangent at the point ¢ on the curve, 
and the tangent at a near point is approximately u+vdt. The 
vector product of these two vectors is rdt. Equating its magnitude 
to u*d@, where d@ is the small angle between consecutive tangents, 
we have ad#=Cdt. Since ds=a*dt, C*/a*=d6/ds, the curvature 
of the curve at the point ¢. The binormal is parallel to the vector 
Vuv=r and a near binormal to V (u+vdt)(v+wdt)=r-—qdt. Thus 
if dr is the angle between consecutive binormals, r°d7 is the magni- 
tude of the vector Vr(r—qdt)=Atudt, so that ( ‘dr=Atatdt and 
A*/C=dr/ds, the torsion of the curve. 

Let x be the vector to the centre of the osculating sphere, F its 
radius. Then differentiating the equation (x—s)?=R? three times 
with respect to ¢t, with x and R constant, (x—s)u=0, (x—s) V=@ 
and da/dt=2h, so that (x—s)w=3h. The scalar products of x-S 
with u, v, w being known, x-s is known, and (3) gives 


AR?=(A, B, C, F, G, H)(0, a, 3h). 


5. For the elements of Gauss’ theory of surfaces, where the vector 
s depends on two parameters A, 1, let suffixes 1, 2 denote differentia- 
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tion with respect to A, « respectively. Then two vectors present 
themselves naturally, the vectors 


parallel to the tangents to the curves 4=const., A=const. at any 
point, and are supplemented by the vector r= Vuv normal to the 
surface (see Art. 2). If P is the point (A, uz) and Q a near point 


(A+dA, 1+dp), r/C® is a unit vector along the normal at P, and its 
scalar product with the vector 


ds=s,dd + sodu + 4 (8,,dA? + 28, .dAdp + Sood?) +... 

is the perpendicular from @ on the tangent plane at P. Writing 

OS! hag, BG, Oe BBiggy 00000 00stsissvnnensis (18) 
the perpendicular is (a’dd?+2h’dAdp + b’du?)/2C*, and since 

PQ?=add + 2hdrdp + bd? 

we have, from Newton’s formula, 

Chex add? + 2h'drdu + b’du? 

add + 2hdrAdu + bd? ’ 


where x is the curvature of the normal section through PQ, leading 
to the principal curvatures and the differential equations of the 
lines of curvature. 





6. Let the vector s depend on three parameters A, 1, v, and let 
B= GAGA, V=B8/Ou, W= OBO. ......0cceceseccessees (19) 


The surfaces whose parameters are A, u,v, A+dA, wt+dy, v+dv 
form a small parallelepiped of which three adjacent edges are 
0U=udA, OV=vdp, OW=wdv, where O is the point (A, y, v). If 
ris a vector function of the position of O, the component of x 
normal to the face OV W is xp/A® and the area of the face is A*dyudy, 
80 that the flux of x through this face of the small parallelepiped 
is xpdudv. By familiar reasoning, the flux of the vector outwards 
through the whole of the small parallelepiped is 


[0(xp)/0A + 0(xq)/Ou + O(xr)/dv] dAdudy, 
and the volume is A*dddpdv. Hence by division the divergence of 


the vector x is 
. 1 [O(xp)  o(xq) oe 
div =3| OA + Ou + ov 0 Seececcesececes (20) 
The method is Kelvin’s (Kelvin, Mathematical and Physical Papers, 

vol. 1, p. 25; Kelvin and Tait, Natural Philosophy, vol. 1, p. 160 
of the 1912 edition). If x is the gradient of a scalar function of 
position V, the change of V for a small displacement ds is 

dV =xds=xudA + xvdu + xwdyr, 
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so that xu=0V/0A,..., ..... Hence the square of the resultant 
gradient RF is given by 
AR?= (A, B, C, F, G, H)(0V/0A, OV /dpu, OV /dv)?, 
and (6) and (20) give the Laplacian 4V in general curvilinear co- 
ordinates, 
oV ade A 








yh | a4 ant ant 
= Fi | a a 
av. av. av av av av 
aa ate ac ant yw 
ap # ap 2 


The reader will easily calculate the line integral of x round the 
face OVW of the elementary parallelepiped, and hence the scalar 
product of curl x with p. Thus 


pee eee [e xw) ~Y) +[ = xu) oe) . 


‘ [ ¥ oo] i heinaneidielal (21) 











GLEANINGS FAR AND NEAR. 


1021. He [Robert Dudley, afterwards Earl of Leicester] was an accomplished 
courtier, a good talker, and not uncultured, though to the regret of Ascham, 
who warned him that languages opened the way to politics, he had neglected 
Cicero for Euclid’s pricks and lines.—J. E. Neale, Queen Elizabeth, p. 84 (1934). 

Under “ Prick ” (7), the New English Dictionary gives several references 
including Recorde, Pathway to knowledge (1551), ‘‘ Definition. A Poynt or 
Prycke is named, of geometricians that small and vnsensible shape, whiche 
hath in it no partes, that is to say: nother length, breadth, nor depth ”, and 
Ive, Fortific. (1589) 10, “‘ Draw a right line . . . which must cut the line C, D 
in the pricke #”’. 

1022. NAPOLEON EXAMINED BY LAPLACE. We have no record of the ques- 
tions or of the effect that Napoleon made upon the man who was the greatest 
in Europe at his trade, but we know something of the scene: the large hall 
in the Ecole Militaire with its ornamented curtained windows, the two big 
slates set up for the chalk diagrams of the students, the benches rising in tiers 
so that all the students would be seen at once by the examiner, and Laplace 
in his black broadcloth sitting there with a shade over his weak eyes asking 
his questions in turn. Four gentlemen cadets passed out from that examina- 
tion to their commission, Napoleon third on the list.—H. Belloc, Napoleon, 
p. 94 (1932). 

1028. Kronecker said that in Arithmetic God made the integers and man 
made the rest ; in the same spirit we may add that in physics God made the 
mathematics and man made the rest.—Sir James Jeans, Presidential Address 
to the British Association, 1934. [Per Miss M. M. Rogers.] 
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THE FACTORISATION OF LARGE INTEGERS. 


By C. G. PaRrapIne. 


1, Ir a number N (other than an odd multiple of 2) is the product 
of two factors, then N =x? — y®, where x and y are half the sum and 
half the difference respectively of the factors, and are integers. To 
determine x and y we may use the quadratic residues of small primes 
as follows. 

Let N=a*?+ 6, where a? is the perfect square nearest to N. 

Suppose N=(a+2)?-y?; 
then y?=2? + 2ax— b. 

Successive integral values aregiven to x until, if possible, x? + 2ax—b 
isa perfect square. For this to be true, x must leave certain definite 
remainders, which are easily calculated for small moduli, when 
divided by given numbers. If, for instance, 


N=6085913 
= 2467? — 176, 


then, in order that (2467+ )?— N may be a perfect square, x must 
satisfy the conditions : 


x=0 or 2, mod 8 
=2, mod 3 
=0, 1, 3 or 5, mod 7 
=0 or l, mod 5 
=0, 2, 3,5, 7 0r9, modll, 


and so on. 

These are necessary conditions only ; each new prime modulus 
removes roughly half the values of x remaining, but for some moduli 
a more exacting condition is obtained by using the square of the 
modulus. For instance, in the example considered, if x=3 or 5, 
mod 7, then y?=0, mod 7. Therefore y2=0, mod 7?, which gives 
t=24 or 40, mod 49. 


2. In a paper entitled “‘ Diverses méthodes pour décomposition 
en facteurs ” (1912), A. Gérardin suggests a mechanised procedure 
for the application of such simultaneous conditions. A ruler corre- 
sponding to, say, the modulus 11, is marked off in eleven equal 
squares, of which those corresponding to allowable residues of x are 
black, the others white. A similar ruler is made for each modulus 
and the whole series placed side by side. A possible value of x is 
indicated by a line of black squares, one from each ruler. Keeping 
the first ruler fixed, it is necessary merely to shift the others a few 
places right or left in order to inspect values of x from 1 to 11, 12 to 
22, 23 to 33, and so on in succession. In practice it is convenient to 
make the lengths of the rulers nearly equal by choosing suitable 
multiples of the moduli ; for example, the lengths 46, 48, 49, 50, 51, 
82, 54, 55, 57 would involve moduli 2¢, 3%, 5%, 72, 11, 13, 17, 19 and 23. 
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Call such a mechanism, for eliminating impossible values of x, a 
quadratic sieve. An alternative arrangement, having some advan- 
tages over that of rulers side by side, is to construct closed loops, of 
lengths corresponding to the moduli and with holes punched in them 
instead of the black squares. The loops are then placed over one 
another and rotated together, or, as it were, put through a mangle, 
until it is possible to see through them all. It is now sufficient to 
record complete revolutions of the outer loop, the shifting of the 
relative positions of the others being automatic in the mechanism. 
There is the further advantage that by widening the loops we may 
construct several quadratic sieves side by side and apply them 
simultaneously ; an occasion for this is referred to later (§ 5). 

3. Consider the range of values of « that must be put through the 
sieve in the worst event, namely if N is prime. In this case N can 
be expressed as the difference of two squares only in the way 


N={3(N+))}P-{3(N - DP. 


If N is really large the value of a is practically negligible (where 
N=a* +6, as before) and we may as well say that there are }N values 
of x to consider. However, in the calculations necessary for the 
construction of the quadratic sieve, each modulus considered was 
eliminated as a possible factor of N, that is, it is known that the least 
factor of N (if any) is at least greater than the greatest modulus 
considered. This reduces the range of values of x needing inspection. 
Suppose the quadratic sieve involves moduli up to 23. Then the 
least possible factor of N is 29, the other factor is then N/29 and 
N can be expressed as the difference of two squares in the way 


5, , N\)2 /N 2 
v=(a(ons)}*- (4-29) 

Roughly, therefore, if k is known to be the least possible factor, it is 

necessary to consider values of x up to N/2k*. 

Other limitations exist in the case of special numbers. Of Mer- 
senne’s numbers, which are of the form 2?—1 where p is prime, it 
is known (i) that any factor must be of the form 2ap+1; (ii) that 
since 2 is a quadratic residue of NV, any factor must be of the forms 
8a+1or 8a—1. The first of these facts is the most powerful in its 
effect on the quadratic sieve ; the second is perhaps more important, 
since any number N must have small quadratic residues, which, 
if we could determine them, would simplify the problem of its 
factorisation. 

As regards (i), if 


N=2?-1= (2ap+1)(2bp+1) 
=4abp?+2(a+b)p+1, 
by applying p* as modulus, a+b has a known residue, mod p. 
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Now if N=2?-y?, 
then x= (a+b)p+1, 
so that 2 has a known residue, mod p?. 
As regards (ii), if 
N= (8a+1)(8b—1) 
=64ab+8(b-a)-1, 


then, mod 16, —1=8(b-a)-1, 
so that b—a is even ; therefore b+aiseven. But if N=2?-y? 
x=4(a+6), 


so that x=0, mod 8. 

To illustrate the effect of this numerically, consider the number 
of a similar type, consisting of 17 digits, each of which is 1, that is, 
N=(10!7—1)/9. Any factor must be of the form 34a+1. 


If N= (34a + 1)(346+1), 
then, mod 172, 120=34(a+6)+1, 
mod 17, 7=2(a+b), 
a+b=12. 
Let N=2z?—- y?, 
Then x=17(a+6)+1 


=17.12+1, mod 17?. 


By giving x the form 2892’+205 we ensure that the number 
z*— N, which is to be a perfect square, is divisible by 17?, as must 
be the case. An equivalent procedure is as follows. Determine the 
number of the form 34a+1, nearest to /N. It is 105409249. Now 


N = (105409249)? — 3 (105409249) . 34+ 10456843 . 342. 


The smaller factor of N must be 105409249-—34k where k is a 
positive whole number. Using the above form of N, we have 
mod 105409249 — 34k, 
N = (34k)? — 3 (34k) . 34+ 34?. 10456843 
=0, by hypothesis. 
Thus k? —- 3k + 10456843 is a multiple of 105409249 — 34k 
=1(105409249 — 34k). 
Give 1 successive integral values, until this equation is satisfied by 
an integral value of k.* We construct a quadratic sieve for 1. 


Mod 3 k?+1=l(1-—k); sol=l. 

Mod 7 k-3k-2=1(1+k); sol=1,3,5or6. 

Mod 1l k®-3k+1=-H; so /=0, 1, 5, 6, 7 or 10; 
and so on. 


* The negative root of the quadratic in k gives the larger factor of N. 
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We now use the second type of limitation discussed above, that 
of a known quadratic residue of N. Since 10%7=1 mod N, 10 isa 
quadratic residue of N. The prime factors of an odd number of 
which 10 is a quadratic residue must be of the eight types 

40a+1, +3, +9, +13, 
that is, 105409249-34k=+41, +3, +9, +13 mod 40, 
giving k=0, 3, 5, 12, 14, 17, 18,19 mod 20. 

The only allowable values of / are 
1=7,9,11 mod 20, 

a closer limitation than is obtained by applying the moduli 4 and 5 
to the equation above. The range of values of 1 which will have to 
be considered is easily calculated. To find a factor of N from /N 
down to 
85 millions, consider values of / from 0 to 4200 approximately. 
34 millions, consider values of 1 from 0 to 130,000 approximately. 

3 millions, consider values of 1 from 0 to 3,000,000 approximately. 
The effectiveness of the sieve in removing impossible factors is very 


high for factors near ./N and decreases rapidly for small factors ; 
in fact the graph of / against k is of the form : 


pt Ao ol 


The whole method may be considered a practicable one for a 
number N such that, at the stage where it becomes impracticable 
to use the quadratic sieve any longer, it is practicable to test the 
remaining (small) factors of N by direct division. 

4. A number of methods may be devised for searching for factors 
of N between 1 and ,/N in the neighbourhood of various points of 
that range, simultaneously or successively. If f is a number within 
the range, express N in the scale of f, that is, write 


N=af?+bf+e, 
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for, if f is less than 2/N, 
N=af*+bf?+cf+d, and so on]. 
Then, if f-—k is a factor of N, 
ak?+bk+c=0 mod f-—k 
=1( f—k). 

A quadratic sieve for / will rapidly remove comparatively small 
values of k. It would be possible, having decided on a range for 
which the use of the quadratic sieve is practicable, to choose a 
decreasing sequence f,, f,,..., from ./N downwards such that the 
operation of the corresponding sieves over that range would reveal 
any factor of N. 

Another method consists in attempting to factorise, not N, but a 
multiple thereof. Suppose N=mn, where m is prime to n. Then 
numbers h, k exist such that 


hm—kn=2, where h<n and k<m. 


That is, hm -1=kn+1=X, say. 
Then X?2-—1l=hkmn 
=hkN. 


This may be otherwise expressed by saying that if N is factorisable, 
the quadratic residue 1 (and all other quadratic residues prime to N) 
of N must be repeated. If the squares of all numbers from 1 to N - 1 
are formed their residues, mod N, are in any case equal in pairs, 
equidistant from the ends of the range ; that is, 


v=(N-2)? mod N, 
but if V is factorisable, all the quadratic residues of N, prime to N, 
occur at least 4 times in the range and twice in each half of the range. 
Given any perfect square or quadratic residue q, the equation 
kN +q=2? 
must be capable of two integral solutions (in x and k) for values of k 


less than }N (approximately), if N has factors. If k is given an 
arbitrary value, the equation 
kN =z? -y? 

has integral solutions in x and y, which are small if the factors of N 
are in approximately the same ratio as those of k. For instance, 
if 3N is expressed as the difference of two squares by the methods 
already discussed for N, the solution will appear rapidly if the 
factors of N are approximately in the ratio 3 to 1. If k is taken 
highly composite, the equation attacks the range of possible factors 
of N at several points at once. 

For example, let N=(10" —1)/9. 
Then 360N =4 . 108 — 40 

= (2.10°+2)?— y?, say, 

and x?+4.10%+40 is a perfect square (=y?). 
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Give x successive integral values and construct a quadratic sieve 
to eliminate impossible values of x. A solution must appear for a 
small value of x if the factors of N are nearly in one of the ratios 
18 to 20, 12 to 30, 10 to 36, 6 to 60, 4 to 90, 2 to 180. For suppose 
N=mzn, where 12m = 30n. Then 


360.N = 12m x 30n 
= (6m + 15n)? — (6m ~ 15n)? 
= (2. 10°+ x)?— y?. 


By hypothesis, y is small. 

It should be noted that, as x is increased from 1, the equation 
includes the possibility of a factor of N on either side of a particular 
number corresponding to each of the above ratios, and we can calcu- 
late how far we are to continue the operation of the sieve in order to 
close the gaps. In the example above, for the factors of N to be 
exactly in the ratio 12 to 30, the lesser must be 663 millions ; or, in 
the ratio 10 to 36, 553 millions. The range between is covered when 
x reaches the value such that 


2.10°+a2=6m+ lin=5m+18n, (where mn=N) 
m=3n * 
=/(3N) 
x=6,/(3N) + 15,/(4N) — 2. 10° 
= (./363 — ./360),/N (very nearly) 
= 8-4 millions (about). 

Where N is of Mersenne’s type, that is, where it is possible to say 
that any factor must be of a form 2ap+ 1, suppose AKN is expressed 
as the difference of two squares, namely, 

hkN =x? — y?, 
where «—y=h(2ap+1), 
x+y=k(2bp+1). 

Then x is subject to the limitation 2x=h+k, mod 2p, so that the 
range 8-4 millions can be divided by 34. 

5. Where N is so large that these methods are impracticable, the 
following will perhaps be a useful procedure. In the equation 

kN + q=2?, 
let gq be given the values (say) — 20 to +20, excluding zero. Con- 
struct a quadratic sieve for k. (The loop or roll corresponding to any 
chosen modulus is made 40 units wide.) We endeavour to find a 
comparatively small value of k which makes the equation true for 
one or other of the chosen values of g. Either we thus find a small 
quadratic residue of N, which will place a limitation on the possible 


factors, or, in the event of a solution being found, in which the value 
of q is a perfect square, N is factorised. If N is prime, the chance of 


* The ratio 1 to 3 is the geometric mean of the chosen ratios. 
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a given number qg being a quadratic residue of N is (roughly) even ; 
if N is not prime, this chance is lessened, since N has fewer different 
quadratic residues, but tne perfect squares 1, 4, 9, ... and all other 
small quadratic residues of N are repeated, so that the chance of 
finding a k corresponding to these values is increased. 

The pattern of holes in the roll corresponding to a prime modulus 
m depends on the residue of N, mod m. Since all numbers, prime 
to m, must be congruent to 1, 2, 3,... (m—1), mod m, a library 
consisting of m—1 rolls for each modulus m would suffice to build 
up the sieve for any number N. On the other hand, if N is given, it 
may be possible to say that certain values of g are not permissible. 
For instance, if N is of the form 4n—1, then —1, —4, —9, ... cannot 
be quadratic residues of N, since, if they were, the factors (if any) 
of N would all be of the form 4a+1. C. G. PARADINE. 











1024. “‘ Any science without mathematics is bound to be conservative... . 
Physics is just the opposite. New ideas get a hearing. I’m a physicist by 
temperament myself, you know. Only I didn’t have a mathematical training.” 

I thought how often I had heard that regret, a little pathetic, a little absurd ! 
... It is the scientific equivalent of the regret of the clever uneducated man— 
“Tf only I had had a proper education!” And like that other regret it is 
made responsible for far too much, and those who have had the mathematics 
or the education can barely conceive why anyone else should want them.— 
C. P. Snow, The Search (1934), p. 270. [Per Prof. E. H. Neville.] 


1025. I once picked up a copy of Casey’s Sequel to Euclid on a second-hand 
bookstall, and on the inside of the front cover was one of the blue-edged labels 
that doctors stick on medicine bottles, with the inscription “‘ Porson—to be 
taken three times a day”. [Per Mr. F. Bowman.] 


1026. Pirr THE YOUNGER AT CAMBRIDGE. 

He was not less successful in mathematics and natural philosophy ; dis- 
playing the same acuteness and readiness in acquiring knowledge with an 
unexampled skill in applying it to the solution of problems. He was master 
ofevery thing usually known by young men who obtain the highest academical 
honours, and felt a great desire to fathom still farther the depths of pure 
mathematics; and had I felt it right to indulge this inclination, he would 
have.made a wonderful progress in that abstract science. When the con- 
nexion of tutor and pupil was about to cease between us, he expressed a hope, 
that he should find leisure and opportunity to read Newton’s Principia again 
with me after some summer circuit ; and in the later periods of his life, he 
frequently declared, that no portion of his time had been more usefully em- 
ployed than that, which had been devoted to these studies—not merely from 
the new ideas and actual knowledge which he had thus acquired, but also on 
account of the improvement which his mind and understanding had received 
from the habit of close attention and patient investigation.—George Tomline, 
Memoirs of the Life of the Right Honorable William Pitt (4th edition: John 
Murray, 1822), i, pp. 11-12. 


1027. A man or woman obsessed with sex arouses, rightly, a certain feeling 
of distaste. We must learn to cultivate a similar reaction in the presence of 
amathematician. Both types are excessive, and therefore imperfect.—J. W. N. 
Sullivan, Contemporary Mind : Some Answers, quoted in the Observer, Nov. 18, 
1934. [Per Mr. N. F. Sheppard.] 











THE MATHEMATICAL GAZETTE 


AN ELEMENTARY INTRODUCTION TO LINE 
GEOMETRY. 


By E. H. Smarr. 


1. Introductory. The study of line geometry by analytical methods 
involving the use of tangential coordinates and tangential equations 
is often found difficult by the junior Honours student. In the 
writer’s view the reason for this is to be found in the fact that, 
according to the course followed by a good many textbooks, the 
student finds himself, so to speak, pitchforked into the middle of the 
subject without any just appreciation of its bearing, or indeed of 
the need for such a study at all. Some modern writers on analytical 
geometry have attempted to remedy this by adopting the view that 
line geometry should be studied from the outset pari passu with 
point geometry. Unfortunately, however, experience tends to show 
that this is a mistake, inasmuch as it creates confusion in minds 
which have had insufficient practice in, and consequently have 
obtained an inadequate grasp of, analytical methods, which are 
never at any time found easy of assimilation by the student of 
elementary mathematics. 

The following notes have been framed on the assumption that it 
is wise to defer the introduction of the subject until the beginner 
has acquired some facility in the use of analytical methods based 
on point geometry ; and that not until then is he in a position to 
appreciate the true function of line geometry as the complement of 
his earlier study, and as a means for the analytical discussion of 
certain geometrical facts the treatment of which by point geometry 
would be wholly inappropriate. The following remarks will refer to 
plane geometry only, no previous acquaintance with areal or tri- 
linear coordinates being assumed. 


2. In the mind of the beginner the primary geometric element is 
the point, the secondary element the straight line. A point moving 
in a plane generates in its successive positions a locus, regarded here 
as a continuous curve. At the same time it is possible to make a 
new start with the straight line as the primary element, the point, 
as the intersection of two straight lines, figuring as the secondary 
element. The straight line by its motion in the plane equally 
generates a curve ; but now an envelope to which successive positions 
of the line are tangents. 

The dual way of regarding certain elementary geometrical figures, 
for example, the triangle, the complete quadrilateral, etc., is mani- 
fest, and the beginner in projective geometry is led to realise the 
existence of a duality in geometrical theorems as exhibited by the 
properties of the range and pencil, and the pole and polar for 4 
conic. He will also have been introduced to the assumptions of the 
point at infinity on a line, and of the line at infinity in a plane, upon 
which his reasoning in projective geometry is based. 
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3. Point coordinates. Taking for the expression in analytical lan- 
guage rectangular Cartesian coordinates, a point is given by the pair 
of numbers (a, 6), a straight line by the equation la+my+1=0. 
This equation is the first example of a locus. In it 1, m are con- 
stants, x, y the (variable) coordinates of a current point. The point 
(a, 6) is on the line if la+mb+1=0, expressing what is called the 
property of incidence. Just as the two constants (a, 6) fix the point, 
the two (1, m) fix the line. 

But it is desirable to make an extension of notation in order to 
bring in the elements at infinity. We may call the point (a/c, 6/c). 
If for the moment we regard a : } as a fixed ratio, the point is always 
on the line x/a=y/b. By continually diminishing c, a and 6 being 
further regarded as fixed, we travel outwards along this line, reach- 
ing thus points more and more remote from the origin. In any of 
its positions in the plane the point is determined by the two ratios 
a:6:c. Acurrent point is likewise written as (x/z, y/z) or (%: y: 2). 
For symmetry, in the equation of the line, for (l,m) we shall now 
write (l/n, m/n) so that this equation now takes the form 


la+my+nz=0, 


and the incidence property la+mb+nc=0. 

It has been pointed out that, in whatever direction we travel 
outwards from the origin, z diminishes continually. Hence the co- 
ordinates of the infinitely distant point in the direction indicated 
by la+my=0 are given by the ratios (m:-—/: 0) ; and further, we 
may regard the locus of the infinitely distant points in the plane as 
given by the equation z=0. We shall now drop the ratio sign in 
denoting coordinates with the understanding that when we write 
those of a point as (a, b,c) what is intended is the ratio of these 
numbers. 


4. Line coordinates. It has already been pointed out that a know- 
ledge of the two constants (i, m) is sufficient to determine the line 
le+my+1=0; or if the equation is written in the homogeneous 
form lz+my+nz=0, a knowledge of the ratios 1: m:n. 

Commencing then with the line as the primary element, and using 
the homogeneous form, we can take (l,m, n) as its coordinates. If 
the line is to be regarded as moving about in its plane, these will 
assume the réle of current coordinates just as (x,y,z) do in point 
coordinates. 

If the (1, m, n) of a variable line la+my+nz=0 satisfy the rela- 
tion la+mb+nc=0, the line always passes through the point 
(@, 6, c). This relation identifies the point ; for its point coordinates 
are recognised as the ratios of the coefficients of /, m and n in the 
standard equation of the line. Hence the justification for calling 
the relation la+mb+nc=0 the equation of the point. The equation 
le+my+nz=0 may therefore be regarded in two ways : 

(i) 1: m: n constant and x: y:z variable. In this case the equa- 
tion is the point equation of the line (l, m, n). 
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(ii) x: y: 2 constant and /: m:n variable, in which case it is the 
line equation of the point (a, y, z). 
5. At this stage it is worth while to consider the modes of repre- 
sentation, under the two systems of coordinates, of the sides and 


vertices of the triangle formed by the coordinate axes and the line 
at infinity. We have the following results : 














Point Line 
Coordinates. | Coordinates. 

Axisofx - . : - y=0 (0, 1, 0) 

Axisofy - . - - 2x0 (1, 0, 0) 

Line at infinity - - - z=0 (0, 0, 1) 
Origin - - - - (0, 0, 1) n=0 
Infinitely distant } x-axis (1, 0, 0) l=0 
point on y-axis (0, 1, 0) m=0 





A further example of great importance should be given here. If 
S=0, S’=0 are the equations of two lines in point coordinates, 
S+kS’=0, where k is an arbitrary constant, represents a straight 
line passing through their point of intersection. 

Likewise if 2=0, 2’=0 be the line equations of two points, the 
equation 2+k2”=0 represents a point on the line joining them ; 
for in the equation X=0, the /, m, n refer to a line through the 
point 2, and in 2’=0 to a line through 2’; hence in 2+k2’=0 
to a line through both of them. 

6. The circular lines and circular points. The circular lines through 
the origin are given by the (point) equation 2?+y?=0, the axes 
being rectangular. The intersections of these lines with the line at 
infinity are the circular points. It has been seen already that the 
coordinates of the infinitely distant point in the direction indicated 
by lx+my=0 are (m, —1,0). Hence we may represent the circular 
points by (1, +7, 0) in point coordinates. In line coordinates we 
have likewise for the circular lines through the origin the coordinates 
(1, +7, 0) and for the circular points at infinity the equation 

(1+ 1m) (l—im)=0 
or [2+m?=0. This form holds good only for rectangular axes. If 
the axes are inclined at an angle w it must be replaced by 
2+ m? — 2lm cos w=0. 
When general trilinears or areals are used the equation takes other 
forms. 


7, The conic. The condition that the straight line la+my+n=0 
should touch the general conic 
ax? + 2hay + by? + 2gx + 2fy+c=0 
in point coordinates is given as a “ stock” piece of bookwork in 
the textbooks as 


Al? + Bm? + Cn? + 2F'mn + 2Gnl+ 2Hln=0 
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where A, B, ... H, ... are the co-factors of a, 6, ... h, ... in the deter- 
minant of the conic. 

A conic therefore possesses a tangential equation of the second 
degree in 1, m, n. Conversely the point equation corresponding to 
a tangential equation of the second degree is of the second degree 
in x and y and therefore represents a conic. This is usually proved 
at the same time in the textbooks. 

It is proposed to indicate some particular forms that this equation 
assumes, as a step towards cultivating the power of reading off 
directly from the tangential equation the particular details which it 1s 
peculiarly adapted to supply. Neglect of the study of line geometry 
is so often seen when students can tell nothing about the conic from 
its line equation and have to turn back to the point equation to 
discover any information about it. In the first place a few obvious 
general results will be noted. 


(i) A line touches a conic if its 1, m, n satisfy the tangential equa- 
tion of the conic ; hence 


(ii) The four common tangents of two conics can be obtained 
from their tangential equations simply by solving these as simul- 
taneous equations for / : m : n. 


(iii) If 2=0, 2’=0 are the tangential equations to two conics, 
2+A2’=0 is the tangential equation to a conic which touches their 
four common tangents. 


8. Proceeding to deductions from the general tangential equation, 
it will be observed : 


I. If there is no term in n? (or no absolute term if n is put equal 
to 1) the conic is a parabola. For in the general equation the co- 
efficient of this term is C=ab —h?. 

II. If the tangential equation can be thrown into the form 

(lac, + my, +n) (lag+ my, +n)=k(l?+m?*), 
where & is a constant, the conic is a central conic whose foci are 
(%, ¥:), (a, Ye). This is immediately obvious ; for the equation may 
e written 

la, +my, +n : lag+ myotn will 

V(P+m)  VS(P+m*)  ” 
expressing the fact that the product of the perpendiculars from 
(1, Y;), (%a, Ya) On any tangent lx+my+n=0 is constant : a known 
property of the foci. The conic is an ellipse or hyperbola according 
as the constant is positive or negative. For k is 6? in the ellipse, 
~ 6? in the hyperbola, 26 being the minor or transverse axis. This 
affords the readiest way of finding the point coordinates of the foci. 
In practical application if 2=0 is the tangential equation of the 
conic, it is only necessary to find k so that 2+k(/?+m?) breaks up 
into two linear factors in 1, m, n. 
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III. If the tangential equation can be thrown into the form 
(la + mb +n)?=k(I2-+m?) 
the conic is a circle. For by II its foci coincide at the point (a, 6) 
which is thus the centre ; the radius is of course »/k. 2+ k(l?+m?) 
is then expressible as a perfect square. 


IV. If the method of II be applied to a parabola, the factors into 
which 2'+k(l?+m?) breaks up must be of the form 


(la + mB + n) (la + mb) 
where «, 8, a, 6 are constants, since there is no term in n? in J. 


The finite focus is thus («, 8) and the direction of the “ infinite 
focus ”—that is, the direction of the axis—is given by la+mb=0. 
In point coordinates this direction is that of the line x/a=y/b 
(§ 3). The general tangential equation to a parabola may therefore 
be put in the form 

(la-+ mB +n) (la + mb) =k (12+ mM?) ....ccecseeeeceees (i) 
where k may be put equal to unity without loss of generality. 

The length of the latus rectum is readily obtained from this form ; 
for the point equation of the tangent at the vertex must be of the 
form ax+by—A=0 where A is constant. Substituting a, b, —A for 
l, m, n in the line equation (i) of the curve we find A+1=a«+bf. 
The latus rectum being four times the length of the perpendicular 


on this from the focus, we get for the length of the latus rectum 
4 (a? + b?)-4, 

9. The following should be found easy exercises at this stage. 
Interpret the following tangential equations, giving coordinates of 
foci, lengths of axes and eccentricity where a central conic is indi- 
cated, or the latus rectum in the case of a parabola (the axes of 
coordinates are rectangular). 

(i) 22+ m?= (21+ 3m)? ; 
(ii) 122+ m?= (214+ 3m+1)? ; 
(ili) 12+ m?= (21+ 3m +1) (1+ m) ; 
(iv) 2+ m?= (21+ 3m+1)(l+m+1) ; 
(v) 124+ m?=21+3m+1 ; 
(vi) 3/?+n?+3ln—lm=0 ; 
(vii) mn+nl+lm=0. 

10. It should be noted that the tangential equation of the central 
conic may be written FF’=k®QQ2’ where F=0, F’=0 are the 
tangential equations of the foci and 2Q’=0 the tangential equa- 
tion of the circular points. By (iii) of § 7 this leads up at once to 
the Pliicker definition of the foci. 


For the particular case of the circle the equation takes the form 
P?=kQQ’, where P=0 is the tangential equation of the centre. 


11. If f(l,m,n)=0 is the line equation of a curve, the point 
coordinates of the point of contact of a tangent lx+my+nz=0 are at 
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once obtained as the limiting position of its intersection with a near 
tangent. We have the equations 


fdlifndm+f,dn=0, xdl+ydm+zdn=0 
giving for the required coordinates 
alf, — Y/fm ag Zlfns 


where suffixes denote partial differentiation. For the particular case 
in which the point of contact is infinitely distant, f,—0. Hence the 
line coordinates of the asymptotes are given by f=0, f,=0. 


12. The condition of conjugacy of two lines (1,, m,, ”,), (lz, me, Ne) 
with respect to a conic may be found as in C. Smith, Conics, § 238, 
or more simply from the consideration that if S=0, S’=0 are the 
point equations of two lines, then S +kS’=0 are those of two lines 
harmonically conjugate to them. A line through the intersection 
of (l,, m,, 2) (lg, m2, %) has coordinates (Al,+wl,,...) and is a 
tangent to the conic f(l, m,n)=0 if 

F(AL, + ply, Am, + pm, An, + wn) =0, 


or, developing, A*f, + Awol, if + p?f,=0. 


The above consideration shows that for conjugacy the sum of the 
roots of this equation in A/u must vanish. Hence if (I,, m,, 7), 
(lx, Mg, M2) are conjugate lines 


of of Of _ 
L ."™ om, + ™ an, 


which relation may also be written 


of of Of _ 
from which it follows that if /,, m,, n, be a given line and 1,, mg, n» 
be regarded as current tangential coordinates, the equation to the 
pole of the line is 
of of ee 
l al, +m am, +n On, =e 

It is an easy exercise to show that the tangential equation to a 
conic for which the triangle whose vertices are (0,0), (a, 0), (0, B) 
is self-conjugate is 

A (la+n)?+ B(mB +n)?+Cn?=0, 

where A, B, C are arbitrary constants. 


13. It is easy to extend the foregoing methods to the considera- 
tion in an elementary way of multiple points and tangents on curves 
of higher degree and class, but this cannot be dealt with in this 
article. It is hoped, however, that enough has been said to show 
that an elementary study of line coordinates can profitably be taken 
in hand before general homogeneous coordinates are considered. 


E. H. 8. 
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THE INTERPRETATION OF IMAGINARY 
MATHEMATICAL TIME. 


By G. WINDRED. 


1, THE conception of a mathematical time, as employed in the 
theory of relativity and other branches of mathematical physics, 
is frequently used and of great importance in our development of 
the theory of the universe. In most problems of mathematical 
physics it is customary implicitly to assume linearity of the tem- 
poral continuum, so that instants and periods are respectively re- 
garded as points and sections of a homogeneous number-system. 
In this way the temporal and numerical continua are identified, and 
times become analogous to ordinary numbers. In the same way 
that the conception of imaginary quantities is necessary to the com- 
pletion of the ordinary number continuum, so also it becomes 
necessary in certain problems of applied mathematics to consider 
imaginary values of the time variable. The present paper represents 
a survey of the mathematical theory of time, and an attempt to 
interpret mathematically, by means of a time-system admitting 
imaginary values, certain optical phenomena of relativistic mechanics. 


2. The purely mechanical theory of time is a subject upon which 
comparatively little has been written*. By the majority of writers 
it is tacitly assumed that temporal relations are analogous to pure 
numbers and exactly expressible thereby, but a study of the philo- 
sophical aspect of the problem reveals much in opposition to this 
assumption. 

It may be remarked that the philosophical aspect of the theory 
of time has been of great importance since the very earliest periods 
of philosophical speculation. Important mention of it is to be found 
in the works of Augustine and other early writers. It is not, how- 
ever, until the seventeenth century that we find the first thorough 
analytical discussion of the subject. 

This was given by Isaac Barrow, Lucasian professor of mathe- 
matics at Cambridge from 1663 to 1669, in his Lectiones Geometricae, 
first published in 1670. Barrow regards Time as implying, but not 
identical with, motion: he accepts the principle, afterwards held 
by Newton, of an even-flowing, absolute Time, independent of both 
rest and motion. For Barrow, “ Time denotes not an actual exist- 
ence, but a certain capacity or possibility for a continuity of exist- 
ence ’’, and he recognises the fact that “‘ without motion we could 
not perceive the passage of Time”. His analogy for the representa- 
tion of time is significant. “‘ Time has many analogies with a line, 
either straight or circular, and therefore may be conveniently repre- 
sented by it.” Just as a line may be regarded as composed of points 
or “ indefinitely small linelets ’’, so Time may be regarded as made 
up of instants or “ indefinitely minute timelets ”’. 


* For a review of existing literature, see the author’s paper “ The History of 
Mathematical Time ”, Jsis, vol. 19 (1), p. 121; vol. 20 (1), p. 192. 
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Apart from the writings of Leibniz and Berkeley, which are mainly 
philosophical, and, in the case of Berkeley, directed against accepted 
mathematical principles, we find little of note until the advent of 
Kant’s famous Kritik der reinen Vernunft, which contains the most 
valuable of his speculations on the subject of Time. These were 
often such as very closely to approach mathematical reasoning, and 
on this account warrant our present attention. With Kant, Time 
is a pure form of sensuous intuition, and is given a priori ; it is not 
an empirical concept deduced from experience: it has only one 
dimension, and different times are successive *. 

The connection between arithmetic and Time is clearly recognised 
by Kant, who stated, in a letter to Schultz}: ‘‘ Time, as you justly 
remark, has no influence upon the properties of numbers (as pure 
determinations of quantity), such as it may have upon the nature 
of those changes (of quantity) which are possible only in connection 
with a specific property of inner sense and its form (time). The 
science of number, notwithstanding the succession which every con- 
struction of quantity demands, is a pure intellectual synthesis which 
we represent to ourselves in thought. But so far as quanta are to 
be numerically determined, they must be given to us in such a way 
that we can apprehend their intuition in successive order, and such 
that their apprehension can be subject to time ”’. 

Views differing from those of Kant were evinced by Schopenhauer f, 
who considers that : ‘‘ Whoever has recognised the form of the prin- 
ciple of sufficient reason, which appears in pure time as such, and 
on which all counting and arithmetical calculations rest, has com- 
pletely mastered the nature of time”’. As we shall see hereafter, 
this observation bears close resemblance to the foundations of a 
more modern temporal theory. Among the twenty-eight praedi- 
cabilia de tempore in the treatise from which we have quoted we find 
several of significance from the mathematical viewpoint : 


4. Time has three dimensions: the past, the present, and the 
future, which constitute two directions and a centre of 
difference. 

8. By reason of time we count. 

11. Time can be perceived a priori, although only in the form 
of a line. 

27. Time makes arithmetic possible. 

28. The simple element in arithmetic is unity. 


Schopenhauer’s treatise may be regarded as a criticism of Kant’s 
views. He agrees with Kant that the concept of time is essential 


* We are using the first two sections of the “‘ Transcendental Aesthetic ” from 
the first edition of the Kritik. There is an English translation by F. Max Miller, 
London, 1896. 

t Vide N. K. Smith : A Commentary to Kant’s “ Critique of Pure Reason ”’, p. 130. 

t The World as Willand Idea. English trans. by Haldane and Kemp, vol. i, p. 9. 
T 
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to experience, and regards the operation of counting as resting on 
the perception of time in the same manner that geometry rests on 
the perception of space. Since counting depends upon repetition, 
which in turn involves the concept of succession, and hence of time, 
counting is only possible by means of time. Schopenhauer there- 
fore concludes that: “ If arithmetic had not this pure intuition or 
perception of time at its foundation it would be no science a priori, 
and therefore its propositions would not have infallible certainty ” *. 

The first purely mathematical theory of time involving imaginary 
values appears to be due to Buée, and was included in his ““ Mémoire 
sur les Quantités imaginaires ” communicated to the Royal Society 
of London by William Morgan and published in Part I of the Philo- 
sophical Transactions for 1806. The memoir is concerned with the 
interpretation of imaginary and complex quantities, the reference 
to time being contained in Arts. 22-25, of which the former contains 
the following statement : “ —1 indique une qualité moyenne entre 
deux qualités opposées dont l’une est exprimée par + et |’autre 
par — ”. In Art. 23 it is stated that if a certain period of past time 
be denoted by —¢, and an equal period into the future by +¢, then 
the first half of the present period is 4(—tV —1), and the second 
half, $(+¢V-1), whence the present period is expressed by 
4(-tV —1)+4(+tV-1)=0. Anent this demonstration Buée re- 
marks: ‘“‘ Or 0 (qui, comme on le verra bien-tét, a deux signifi- 
cations) est la veritable expression du présent ”’. This reduction of 
a period of time to zero is explained in Art. 25 of the paper as ex- 
pressing the sentiments of a man who, after a sojourn, returned to 
the point from which he had started and said: “I am not more 
advanced after travelling so far than if I had not moved ”’, because, 
says Buée, “le temps est pour l’esprit ce que l’espace est pour le 
corps”. The reception of M. Buée’s paper at the hands of contem- 
porary mathematicians was varied. A lengthy and deprecating 
review, which has been attributed to George Peacock, appeared in 
the Edinburgh Review in 1810+. No reference in this review is made 
to the temporal theory outlined in Arts. 22-25 of the memoir, but 
the metaphysical tendency of the whole exposition is strongly 
criticised. In his Algebra of 1830 Peacock quotes Buée’s memoir 
as containing ‘“‘ some original views on the use and signification of 
the signs of Algebra, though presented in a very vague and un- 
scientific form” ¢. D. F. Gregory, however, in his famous Examples 
of the Differential and Integral Calculus of 1841§ refers to Buée’s 
memoir as an authority for information on the general interpretation 
of formulae in Analytical Geometry. These are the only references 
we can find among contemporaries of Buée to the subject-matter of 
his extensive memoir, which has received very inadequate attention. 


* Op. cit. vol. ii, p. 205. 
t Vol. xii, pp. 306-318. t P. xxvii of Preface. 


§P. 174: Vide, etiam, J, L, Coolidge, The Geometry of the Complex Domain, 
1924, pp. 24-25, 
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An unique and important contribution to the mathematical theory 
of time was made by Sir William Rowan Hamilton in a paper en- 
titled “‘ Theory of Conjugate Functions, or Algebraic Couples ; with 
a Preliminary and Elementary Essay on Algebra as the Science of 
Pure Time ”’, read before the Royal Irish Academy on 4th November, 
1833, and Ist June, 1835, and published in the 7’ransactions for 1837, 
vol. xvii, part 2. This memoir appears to have received almost 
complete neglect at the hands of subsequent writers. No mention 
of it is to be found in the usual sources of reference giving a list of 
Hamilton’s writings, in which circumstances it is not surprising that 
the paper appears to be practically unknown to mathematicians*. 
Hamilton’s theory of time, as set forth in this memoir, is of purely 
synthetic development : no reference is made to spatial conceptions 
or analogues. The strictly formal nature of the paper may account 
for Macfarlane’s opinion} that it has “‘ proved a conundrum to the 
mathematical world ’’, and it should be remarked that the specula- 
tions underlying the theory are in places allied to the fundamentals 
of quaternions, which subject was perfected by Hamilton some six 
years later. A true perspective of the general contemporary scepti- 
cism concerning Hamilton’s theory of time is obtainable from the 
following extract from Arthur Cayley’s presidential address to the 
British Association in 1883 on the Progress of Pure Mathematics : 
“Hamilton uses the term algebra in a very wide sense, but what- 
ever else he includes under it, he includes all that in contradistinction 
to the Differential Calculus would be called algebra. Using the word 
in this restricted sense, I cannot myself recognise the connection of 
algebra with the notion of time ; granting that the notion of con- 
tinuous progression presents itself and is of importance, I do not 
see that it is in any wise the fundamental notion of the science. And 
still less can I appreciate the manner in which the author connects 
with the notion of time his algebraic couple, or imaginary magni- 
tude, a+bV—1”. It would here probably be urged by Hamilton 
that in admitting the existence and importance of continuous pro- 
gression in our discussion of time, it remains to discover the exact 
relation between these notions. Such investigation is essentially 
philosophical. As we have already observed, it has received the 
attention of several philosophers, among whom Schopenhauer gives 
an opinion confirmatory to Hamilton’s view. It may also be re- 
marked that Hamilton considers the notion of time to be connected 
with existing algebra : he does not go so far as to say that it is the 
fundamental notion of that science. In the “ General Introductory 
Remarks ” to his paper Hamilton expresses the view that the in- 
tuition of time is a rudiment from which may be developed, by valid 
reasonings from its own intuitive principles, an independent science 
of algebra ; a science not less removed than geometry from the 
*The recently published Source Book in Mathematics, edited by D. E. Smith, 


New York, 1929, contains some reference to the paper, which is also briefly men- 
tioned by J. L. Coolidge, Geometry of the Complex Domain, Oxford, 1924. 


t Expressed in a lecture on Hamilton delivered at Lehigh University in 1901. 
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principles of a priori contemplation. This view involves three funda- 
mental concepts : 


(1) That the notion of time is connected with existing algebra. 


(2) That the notion or intuition of time may be developed into 
an independent pure science. 


(3) That the science of Pure Time thus developed is coextensive 
and identical with Algebra, so far as Algebra is a science. 


It is interesting to note that these concepts are in entire agree- 
ment with the results of philosophical speculation. 


3. Historical development now brings us to the threshold of what 
may be termed the “‘ modern ” theory, so far as any definite theory 
of time is evinced by the modern conception of the universe as char- 
acterised by the mechanics of Relativity. The modern theory cor- 
relates the conceptions of space and time in the form of a metric, 
as introduced by Minkowski, where a “‘ world-point ”’ is represented 
by 2, y, z, t, and the “ world ” is composed of all thinkable values 
of these quantities. The correlation of space and time in the new 
physics is stressed by Minkowski in the oft-quoted prefatory remarks 
to his famous address on ‘‘ Raum und Zeit ”’ delivered to the 80th 
Assembly of German Natural Scientists and Physicians at Cologne 
on 21st September, 1908: ‘‘ Henceforth space by itself and time by 
itself are doomed to fade away into mere shadows, and only a kind 
of union of the two will preserve an independent reality ”. With 
reference to this theory, Klein* has pointed out that what the 
physicists call the “‘ theory of relativity ’’ is the theory of invariants 
of the four-dimensional space-time region x, y, z, t (Minkowski’s 
“World ”’), in relation to a definite group of collineations, namely, 
the ‘‘ Lorentz Group ”’. 

The relation between the concept of number and the analogy 
between time and space has been recognised by Bergson +t, who 
points out that if time, as represented by the reflective conscious- 
ness, forms a medium wherein our conception exists as a discrete 
series amenable to being counted, and if we conceive of number as 
inherent to a continuum in space containing all things amenable to 
enumeration, then it is to be presumed that time, conceived as a 
medium in which we make numerical distinctions, is analogous to 
space. It may be observed that this view closely accords with those 
of Hamilton. 

We may now consider recent purely mathematical work of con- 
siderable importance. This is the theory of time and space due to 


* Jahresb. d. d. Math. Verein., vol. 19, 1910, p. 287. 


+ Vide Henri Louis Bergson, Time and Free Will; English trans. by F. L. Pogson, 
London, 1912, pp. 91 et seqg. For a discussion of Bergson’s mathematical theory 
of time, see also B. Bosanquet, Science and Philosophy, London, 1927, pp. 228 
et seqq. Cp. etiam L. T. Hobhouse, The Theory of Knowledge, London, 1896, pp. 43 
et seqq, pp. 599 et seqq. 
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Robb *, who makes use of a “ conical order ” for representing the 
space-time continuum. From 21 postulates, derived entirely from 
the conceptions of before and after is developed a system of geometry 
in which any point-event, corresponding to Minkowski’s ‘“‘ Welt- 
punkt ”, can be represented by the coordinates x, y, z, t. This 
geometry leads to the inclusion of time as a fourth coordinate inher- 
ent to the system: there is no independent theory of time. Certain 
of the principles upon which Robb’s theory is built are fundamentally 
at variance with the space-time hypotheses of relativistic mechanics. 
It is pointed out by Robb that if two physicists, A and B, agree to 
discuss a physical experiment, then it follows, in virtue of their 
agreement, that a common world of some kind exists as the seat 
of the experiment. If it be urged that we have merely a corre- 
spondence between the physical worlds of A and B, then the exact 
nature of this correspondence remains to be explained. The fact 
of there being a correspondence indicates that the phenomena are 
common to the minds of A and B, whence it follows that the pheno- 
mena are normal to some common reference continuum. 

A system of pure time, related to the concepts of relativistic 
mechanics, has been developed by Whitehead}. The system intro- 
duces the conception of duration as a temporal stratum of nature ; 
limited in its temporal dimension and of unlimited spatial dimen- 
sions. This stratum thus represents a finite time and infinite space, 
and is graphically expressible, on the assumption of unidimensional 
space, by a straight line, representing time, normal to a system of 
parallel straight lines, each of which represents space at the point 
of time corresponding to the point of its intersection with the time- 
axis. The assumption of manifold time systems, in accordance with 
relativistic mechanics, imparts to this spatio-temporal system a 
complex structure involving the intersection and partial congruence 
of durations in different time-systems, and also introduces logical 
difficulties in connection with the properties of durations. 

At this point it is interesting to revert to the Kantian philosophy 
for a comparison with theories such as the foregoing. We have 
already considered the view concerning space and time contained 
in the Kritik der reinen Vernunft, and it remains to point out that 
this view is developed from considerably different earlier principles. 
In Kant’s Dissertatio pro loco professionis, entitled ‘‘ De Mundi 
Sensibilis atque Intelligibilis Forma et Principiis ’’, printed in 1770, 
is much important philosophical speculation on the nature of space 
and time, which are here regarded as ‘“‘ the schemata and conditions 


* Robb’s first contribution is a tract entitled Optical Geometry of Motion, a New 
View of the Theory of Relativity, Cambridge, 1911. The next, containing the idea 
of “ conical order ”, is A Theory of Time and Space, Cambridge, 1913, which forms 
an introduction to the final theory contained in a larger volume of the same title, 
Cambridge, 1914. There is also a short treatise on The Absolute Relations of Time 
and Space, Cambridge, 1921, explanatory to the larger work. 


t An Enquiry Concerning the Principles of Natural Knowledge, Cambridge, 1919, 
praec. ch. ix, pp. 110-120. 
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of all human knowledge that is sensitive” *. Time is regarded not 
as a substance nor accident nor relation, but as a subjective con- 
dition “‘ condicio per naturam mentis humanae necessaria, quae- 
libet sensibilia certa lege sibi coordinandi”’ +. It is also pointed out 
that the notion of time acquired through experience is very badly 
defined in terms of the succession of actual things existing after one 
another {, since the significance of the word “ after’ may be realised 
only through an antecedently formed concept of time. Anent his 
objection to the neglect of simultaneity in the Leibnizian doctrine, 
Kant makes the following important statement, which represents a 
theory closely related to the modern theories we have already out- 
lined : “‘ Thus though time possesses only one dimension, yet the 
ubiquity of time, (to borrow Newton’s term), owing to which all 
things conceivable by sense are at some time, adds to the quantum 
of actuals a second dimension, so far as they hang, so to speak, 
from the same point of time. For if we represent time by a straight 
line extended to infinity, and simultaneous things at any point of 
time by lines successively erected perpendicular to it, the plane thus 
generated will represent the phenomenal world both as to its sub- 
stance and as to its accidents ”’ §. 

The lines of demarcation existing between the philosophical and 
the mathematical theories of time are seen to resolve themselves 
into the differences attendant upon different viewpoints. As a thesis 
for any purely mathematical theory of time, such as that which 
follows in the present paper, we must regard the temporal system 
as a linear mathematical continuum, removed from the spatial con- 
siderations which accompany it in the physical theory. In this way 
we maintain the earlier Kantian doctrine and the views of Schopen- 
hauer, and escape many of the difficulties forming the basis of 
philosophical speculation. 


4. In formulating our mathematical theory of time we must care- 
fully distinguish between temporal and spatio-temporal phenomena. 
It might be urged that all phenomena are spatio-temporal, but we 
desire to separate the continua of space and time as much as possible. 
In relativistic mechanics space and time are bound closely together 
in a manner which seems to offer scope for logical objection ||, and 


* Op cit. § 13. + Ibid. § 14 (5). 


{ Ibid. §14 (1). Kant here attacks contemporary ideas. On this subject, ef. 
The Critical Philosophy of Immanuel Kant, Edward Caird, Glasgow, 1889, ch. v 
of introduction, pp. 179 et seqq. 


§ Op cit. § 14 (5), nota. Vide etiam N. K. Smith, A Commentary to Kant’s Critique 
of Pure Reason, 1918, pp. 128 et seqqg. On the relation between the theories of 
Kant and Hamilton, from a mathematical viewpoint, see the author’s paper, 
“‘ History of the Theory of Imaginary and Complex Quantities ”, Mathematical 
Gazette, Vol. XIV, 1929, p. 533. 


|| One of the most outstanding critics of the relativity theory is Melchior Palégyi, 
whose papers, afterwards published collectively in the Ausgewahlte Werke, Leipzig, 
1925, contain many attacks on this theory. An excellent appreciation of Palagyi’s 
criticism is given by J. A. Gunn, The Problem of Time, London, 1925, pp. 208-214. 
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it would seem desirable to analyse pure time in a thorough and logical 
manner before combining it with the notion of space. Logical ex- 
ception has been taken by Robb * to the relativistic notion that 
events may be simultaneous to one observer, but not to another. 
This view conflicts with the definite principle that a thing cannot 
both exist and not exist at the same time, and the subsequent purely 
analytical developments of relativity theory do not explain or remove 
this objection. 

We will first examine certain fundamental optical phenomena. 
It has been pointed out by Robby that, from a purely physical 
standpoint, if an instant B be distinct from an instant A, and if 
it be possible at the instant A to produce any effect whatever at the 
instant B, then this is sufficient to imply that B is after A. It 
appears that we may logically infer that this is also a necessary 
condition that B shall be after A, and it follows that if A and B 
be distinct instants, and if it be impossible at the instant A to 
produce any effect at the instant B, then B is not after A. We may 
not, however, infer from this that B is before A, since this requires 
that it be possible at the instant B to produce an effect at the 
instant A, which condition has not yet been admitted. 

From the foregoing statements we observe that in the case of two 
distinct instants A and B, if it be impossible at the instant A to 
produce any effect at the instant B, and if it be also impossible at 
the instant B to produce any effect at the instant A, then the instant 
A is neither before nor after the instant B. This means that instant 
A is in the absolute elsewhere with respect to the temporal con- 
tinuum common to instant B. 

We have a practical means of examining such relations in Fizeau’s 
apparatus { for determining the velocity of light, in which a flash 
of light sent out from a point P at instant A is intercepted at a 
separate point Q and reflected back again directly to P. The laws 
of ordinary physics permit us to assign definite values to the instants 
involved in this experiment. We may therefore state that if the 
flash be emitted from P at instant A, arriving at Q at instant B, 
and back again at P at instant C, then B is after A, and C is after B. 

Our knowledge of natural phenomena prohibits the suggestion 
that any influence sent out from P at instant A could arrive at Q 
at any instant before B. It is similarly impossible for any effect 
from P at any instant after A to arrive at Q at the instant B. If 
these conditions be admitted, it follows that any instant at the point 
P which is after A and before C will be neither before nor after B§. 
It may be inferred from the physical nature of this experiment that 
such an instant, which, as we have observed, is in the absolute 
elsewhere with regard to instant B, must belong to the system of 

* A Theory of Time and Space, Cambridge, 1914, p. 2. 

t Op. cit. p. 7. 

{ Comptes Rendus, xxix (1849), p. 90. 


§ Robb, loc. cit. p. 8; also The Absolute Relations of Time and Space, Cambridge, 
1921, pp. 11, 12. 
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temporal measurement of some other observer. This condition 
appears to be necessary in order that we may retain our conception 
of a linear homogeneous Time. 

If, with Barrow and Schopenhauer, we conceive of Time as a 
straight line, it is possible to represent the temporal conditions of 
the foregoing experiment in a simple manner, as follows : 

Pp 


a 


P. 





o- 0Q, 
Fia. 1. 


Fig. 1 is a space-time diagram in which P,,, Q,, and P, are different 
point-events. The emission of a flash of light from P at instant a 
is here regarded as a point-event P,; similarly, the arrival of the 
flash at @ at instant 6b is a point-event Q,, and the arrival of the 
flash at the starting-point P at instant c is a further point-event, P,. 
There appears to be no logical objection to arranging these point- 
events in linear order, as shown in Fig. 2, provided that we are 
careful not to assign any definite position to Q,, which we have no 
reason for believing to be midway between P, and P.,. 


5. We note that (1) if no effect whatever from P can reach Q at 
any instant before b, and (2) if no effect can be sent out from P 
after instant a so as to reach Q at instant 6, then any instant at P 
which is after a and before c is neither before nor after b. The question 
is: how can we mathematically represent such an instant ? 

We know that I. It is not before b. 

II. It is not after b. 
III. We have no logical reason for thinking it to 
be coincident with b. 


It appears that any instant, say x, complying with conditions 
I, Il, and III exists in a temporal continuum at right angles to 
the continuum containing instants a, b, and c. Condition III further 
implies that instant x forms no part of the a,b,c continuum. The 
conditions we have specified for x are satisfied by the construction 
shown in Fig. 2. 


‘2 
' 
| 
| 
1 
' 





iQ, Pay 
Fie. 2. 


At this point of our argument we may digress slightly in order 
to compare our theory with independent sources. We have seen 
(§ 2) that Schopenhauer* regarded Time as having three dimen- 
sions: past, present, and future, constituting two directions and a 
centre of difference. Kantf also considered it possible, as we have 


* Die Welt als Wille und Vorstellung. No. 4 of the propositions concerning Time. 
¢ Dissertatio De Mundi...” § 14 (5). 
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seen (§3), to “represent Time by a straight line... and simul- 
taneous things at any point of time by lines successively erected 
perpendicular to it ”’. 

As we have already indicated, our analysis is based upon the 
results of Robb. Up to the present stage the theories may be re- 
garded as parallel, except that we have introduced a two-dimen- 
sional time and have not concerned ourselves with its relations to 
space. 

Resuming our treatment of Fig. 2, if we assume an infinite con- 
tinuum for instant x it is evident that we can obtain a condition 
which appears contradictory to condition III, that is, when ~z is 
identical with b. Here, however, it is to be noted that under such 
conditions x =0, so that condition III is not violated. 


6. Proceeding on the lines of the analogy expressed by Fig. 2, 
and dealing only in terms of instants of time, we express the time- 
interval from instant a to instant b by ¢,°, and the interval from b 
to c by t,°. According to Fig. 2, we have the following connection 
between the instants a and x, which, as we have seen, correspond 
to the respective systems of measurement of two independent 
observers : 

("= t,” i it,”, Oe eeccccceccesccccececeseees (1 ) 
or, t,%=t,°—t,°+ it,*. 
This equation evidently corresponds to the system of measure- 
ment containing a, b,c. For the system of measurement containing 
x, that is, corresponding to the other observer, we should have 


EDGR, isispcineroviacmencancnn (2) 


It is seen from equations (1) and (2) that the temporal continua 
corresponding to the respective observers are conjugate*. This 
analysis leads to the view that the time-systems of two independent 
observers may, from the analytical viewpoint, be considered con- 
jugate to each other. The physical interpretation of this condition 
is that there is no direct mode of comparison of instants of time or 
of periods in the observations of different observers. This supports 
the view of Robb ¢ that there is no true simultaneity of instants at 
different points of space. 

The system we have developed admits of the representation of 
temporal relations accompanying optical phenomena of consider- 
_ importance in modern physics, as we shall now endeavour to 
show. 


7. Reverting now to the physical phenomenon of the transmission 
of a light signal or electromagnetic disturbance, we may observe 
that a signal emitted from the origin of a linear coordinate system 


* At this point, compare with Cayley’s views on Sir William Rowan Hamilton’s 


— of the form a+bV —1 in connection with the theory of time noted in 
above. 


_ Absolute Relations of Time and Space, p.12; A Theory of Time and Space, 
p. 6. 
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x,y, z, at any instant t=0, will at time ¢ have reached points corre- 
sponding to the sphere 2?+ y?+2*—C*#?=0, where C is the velocity 
of light *. 

In our system of Fig. 2, if the signal starts at instant a and arrives 
at the point x, y, z, corresponding to the point-event Q,, at instant 
b, then 

C2(t,>)2= 22 + y2+ 22, 
PF — aD, ncceciccoscverssovesenss (3) 


We will assume that this relation is recorded by observer A. 

In the system of observer B, the same instant, b, of time is arrived 
at during the period it,”, on the principle of constant velocity of 
propagation of the disturbance, and observer B would therefore 
obtain the same point-event Q, of A’s system in time it,, which 
means that C?(it,°)? =2?+y?+2z?. Since, however, observer B uses 
the coordinate system x’, y’, z’, we have for B 


a Oe Oy nccscacenscrsteessrnsece (4) 

By similar reasoning, we deduce that C?(it,)? = 2? + y?+2?, whence 
it follows that 

4-9? + g8 — COG a8. ......csrcevececeecesees (5) 
If, now, C’=C=1, and it,°=7", and it,2-=7, then we have for 
observer A, 

a+ y?+22+7T2=0, 

and for observer B, 

a’8 + y’8 + 2'8 4+ T2=0, 
in conformity with the relativity condition of modern physics f. 


Conclusion. We leave the subject at a stage which admits of a 
reconciliation between the geometrical theories, such as that of 
Robb, and the mathematical standpoint of relativistic physics. 

It would appear that the method of approach adopted in this 
paper offers further scope of application to fundamental phenomena 
of temporal and spatio-temporal systems. This the writer cannot 
claim to have explored to any appreciable degree, but we believe 
that further examination of the hypothesis might reasonably be 
expected to yield results of interest and perhaps of value. 

In any event, it appears that there is still considerable scope for 
examination of the mathematical problem of Time. From the fore- 
going discussion it is evident that the problem of Time, in both its 
philosophical and mathematical aspects, must be clearly understood 
before any exact theoretical structure can be raised upon principles 
involving its concept. 

We believe, with Barrow, that .. . ‘‘ because mathematicians fre- 
quently make use of Time, they ought to have a distinct idea of 
the meaning of that word, otherwise they are Quacks ”.—Isaac 
Barrow, in his Lectiones Geometricae, 1674. G. WINDRED. 

* Vide, e.g. Eddington, The Mathematical Theory of Relativity, Cambridge, 1923, 
p- 17; The Lorentz Transformation. 

t Cp. Eddington, The Mathematical Theory of Relativity, pp. 13-29. 
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MATHEMATICAL NOTES. 


1158. The perpendicular distance of a point from Ax + By+C=0. 

I think many people find the transformation of the equation of a 
line from the form Ax+ By+C=0 to x cos a+y sin «=p somewhat 
puzzling owing to the difficulty of the sign. The following method 
shows a way of getting over this difficulty. 


Multiply Ax+By+C=0 by —C, then 
— ACzx-— BCy=C?, 
where the right-hand side is now essentially positive. Hence 
cose sinn p __ 1 
-~AC -BC C? j/{(A?+ B?) C?}’ 
where the square root is positive and ./C? must not be written C, 


but |C|. Hence the perpendicular distance of (x,, y,) from the 
line is 








C (Ax, + By, +C) 
J/{(A? + B?)C?} ° 
which is always positive if the point is on the same side of the line 
as the origin and negative if it is on the opposite side. 
If the perpendicular from the origin on to A’x+ B’y+C’=0 has 
a length p’ and makes an angle «’ with Ox, then the angle between 
the perpendiculars is given by 


p—X, COs a— Y, Sin a= 





cos(«— 8)=cos « cos B+sin & sin B 
- (AA’+ BB’) CC’ 
~ (42+ BA? + BOF’ 
which has the same sign as (AA’+BB’)CC’. Hence the origin lies 
in the acute angle between the lines if « — B is obtuse, that is, if 
(AA’+ BB’)CC’ < 0. 
By moving the origin to (2,, y,) it is easy to see that (z,, y,) lies in 
the acute angle between the lines if 
(AA’ + BB’) (Ax, + By, + C)(A’x,+ By, + C’) <0. 
H. V. Lowry. 





1159. The Series for tan x. 


In the October, 1928, issue of the Gazette, Mr. H. G. Forder refers 
to the congruence 


T'ensi=Ton-3 (mod 90), (n> 2), 
where the numbers 7’,,,,, are defined by the expansion 
a? 5 
y=t=tan x=x2+ T'sa;,+ T+ ~— 
80 that Pensa = (Yoni) 2=0 5 


and Mr. EK. F. Simonds gives an elementary proof by induction in the 
issue of February, 1935. 
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It may be noted that, following Forder’s line of reasoning, we have 
Y_= 16t(1 + ¢*) (17 + 600? + 4504) 


and hence that y,, has the factor 16 ifn >6. Since also 7';=16, 
it follows that 





Tonii=9 (mod 16), (n>2). 
Combining this with the congruence above, we have 


Ten = : (mod 720), (n > 3). F. Bowman. 


1160. Sur l’orthopéle. 


M. W. F. Beard vient de donner des propriétés des points de 
Feuerbach * qui peuvent étre étendues a l’orthopéle d’un diamétre 
quelconque du cercle circonscrit par rapport 4 un triangle. 


1. Considérons un triangle ABC, deux points M, M’ conjugués 
isogonaux, par rapport a ce triangle, et soient X, Y, Z et X’, Y’, Z’ 
les projections orthogonales de ces points sur BC, CA, AB. Les six 
points X, Y, Z, X’, Y’, Z’ sont sur un cercle (w) dont le centre est 
au milieu du segment rectiligne MM’. Soient X,' le point de ren- 
contre de la droite X’M’ avec w, puis P, Q, R et P’, Q’, R’ les milieux 
de AM’, BM’, CM’ et AM, BM, CM. 

Désignons par ¢ l’orthopéle du diamétre OM, A’ le pied de la 
hauteur AA’, N l’intersection des droites ¢X,' et AA’. Nous allons 
montrer que la droite ¢X,' passe au milieu P de AM’. 

Considérons le cercle ¢XA’N’ pour prouver qu’il passe par N. 
En effet, ¢N, antiparalléle 4 XA’ par rapport 4 dX et X’X,’, est 
par suite antiparalléle & A’X par rapport 4 ¢X et a la paralléle A’N 
a X’X,’, ce qui montre que la quadrilatére ¢NA’X est inscriptible 


dans un cercle de diamétre XN. Dés lors, l’angle A’NN’ est droit, 


NN’ est paralléle 4 BC et ona MX = AN, puisque N’ est symétrique 
de M par rapport a la droite B,C, des milieux de AB et AC. 

Or, comme M’X,’=MX, il en résulte que AN=M’'X,’. La 
figure AN M’X,’ est un parallélogramme et P est le milieu de AM’. 
Un raisonnement analogue prouve que Q, R sont les milieux de BM’, 
CM". 

On obtient alors une généralisation d’un théoréme de Mannheim 
relative aux points de Feuerbach f : 

Si Von projette en X', Y', Z', sur les cétés d’un triangle, le conjugué 
isogonal M' d’un point M d’un diamétre A du cercle circonscrit et 8 
Von désigne par X,' la seconde extrémité de la corde X'M' dans le 
cercle X'Y'Z', la droite qui joint X,' au milieu de AX passe par 
Vorthopéle ¢ de At. 

2. D’aprés ce qui précéde, puisque les angles P¢X, Q¢Y, R¢Z 


* Gazette, XVIII, p. 322. 
+ Nouvelles Annales de Mathématiques (1903), 15. 
¢ R. Goormaghtigh, Journal de Vuibert, XX XVIII, 69. 
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sont droits, les cercles décrits sur PX, QY, RZ comme diamétres, 
se coupent au point ¢. De plus, on a, par exemple 
LP¢Y'=2P$X'- LY'$X'=2LX,'XX'- .Y'dX' 
=L2X,'XVY'+2Y’XX'- 2 Y'gX'=2X,'XY'=2M'CA 
¢ est donc situé sur le cercle des neuf points du triangle CM’A. 
Par analogie, les cercles des neuf points des triangles BM’C, AM’B 
passent aussi par ¢. Puisque ¢ appartient au cercle PB,Y'R, par 
exemple, 4 P$B,= 4 PRB,= 4 M'AC (car PRB,A est un parallélo- 
gramme). Il vient de méme 2 P$C,=2M’'AB; d’oi on tire 
£B,oC,= 2 M’AC+ 2 M’AB=LA=ZLB,A,C,. 
¢ appartient donc au cercle des neuf points du triangle fondamental. 


if 
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Des propriétés analogues concernent le point ¢’ (orthopéle du 
es OM’), obtenu au moyen des cercles de diamétres P’X’, 
TRS’. 

Les propriétés de M. W. F. Beard, pour le cas ot M=M’, se 
généralisent ainsi : 
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Si Von projette en X, Y, Z et X', Y', Z’, sur les cétés d’un triangle 
ABC, un point M et son conjugué isogonal M’ et si l’on désigne par 
P’”,Q', R’ et P, Q, R les milieux de MA, MB, MC et M'A, M'B, M'C, 
les cercles décrits sur PX, QY, RZ et P’X', Q'Y’, R'Z’, comme dia- 
métres, se cowpent tous trois respectivement en deux points ¢ et $' qui 
sont les intersections des cercles des neuf points des triangles ABC, 
BM'C, CM'A, AM’'B et ABC, BMC, CMA, AMB. 4, ¢’ sont les 
orthopéles des diamétres OM, OM' pour le triangle ABC. 

Remarque. Par ce raisonnement direct, on trouve des proposi- 
tions sur l’orthopéle des diamétres OM, OM’ du cercle circonscrit 
qui découlent de la propriété qu’ont les points ¢, ¢’ d’étre les centres 
des hyperboles équilatéres circonscrites aux quadrangles ABCM', 
ABCM. V. THEBAULT. 


1161. On the calculation of logarithms. (See Algebra Report, pp. 
50-52.) 

The method of taking successive square roots starting with ,/10, 
advocated by a writer in a recent number of the Gazette, has proved, 
in my experience, very difficult for an average class. 

When Mr. W. C. Fletcher produced the method given in the 
Report, I at once tried it out and found it immediately successful. 
With the average class the straightforward directness of the arith- 


metic proved a tremendous advantage. The unreality of 108, 10?, 


108, puzzling to boys unfamiliar with general indices, was avoided. 
Instead of finding logarithms of approximate numbers 3-162, etc., 
it obtains with comparatively little and assuredly simple arithmetic 
the logarithms of integers from 1 to 13 to 3-figure accuracy. The 
method of interpolation used provides an explanation of the differ- 
ence columns. And as a simplification of Napier’s method it has 
an historical interest. 

But I am not writing this note to state advantages which every 
teacher trying the method will at once realise, but to add a word to 
the Report. On p. 51 the Report says, “ If we plot . . . , we get points 
on the familiar compound interest curve”. A colleague, Mr. G. F. 
Jackson, makes the method itself arise as a question of compound 
interest. If £1 is invested at 10% per annum compound interest, 
the numbers representing the successive amounts are the numbers 
and the numbers of years the corresponding logarithms. To find 
the logarithms of 2, 3, etc., is, then, to find the number of years in 
which money will double, treble, etc., itself at 10% per annum 
compound interest. This introduces a feeling of reality which is 
especially valuable in the case of finding 0 as the logarithm of 1. 

Again, if the results are plotted as suggested, the graph of 
logarithms to base 1-1 becomes the graph of logarithms to base 
10, merely by altering the numbers on the scale of abscissae, thus 
justifying the second part of the procedure—the division by log,.,10. 
F. C. Boon. 
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1162. On Note 1129 (February, 1935). 

By analysing the triangles into species and sub-species, deter- 
mining their number by means of difference equations and collecting 
results, I find the somewhat cumbersome expression given below 
for the number of triangles in the figure made up of » tiers : 
(3356n3 + 6234n? + 176n — 1831)/480 
(-1)"88+4{(1-a)o"+ (1-o)u%} 
re { (1 — #)" + (L+4)(—4)"} 
ais {(1— fp)" + (1 — $2) g% + (1 — 8) po" + (1-64) $4"} 
where 1=+4/—1, w is one of the imaginary cube roots of unity, 
and ¢ is one of the imaginary fifth roots of unity. §, G. Horsey. 

Mr. Travers adds : 

The use of complex numbers can be avoided and the formula 
made more suitable for computation by writing it in the form 

(3356 n+ 6234 n? + 176 n-1831)/480 
+(-1)" $3+$4 +§B+3C, 
where A, B, C are 0, +1, according to the following rules. 
(a) Divide n (the number of tiers) by 3; as the remainder is 
0,1, 2, Ais +1,0, -1. 

(6) Divide n by 5. Ifthe remainder is 0, B= +1; if 4, B= -1. 
In the other cases B=0. 

(c) If nm is singly even, C= -1; if m is doubly even, C= +1. 
If n is odd and n+1 singly even, C= +1. 
If n is odd and n+1 doubly even, C= —-1. 


1163. On conics which have double contact. 


If S=0, S’=0 are the general equations of two conics then the 
curves will have double contact if 


abcfgh 
a’ b’ c f , g’ h’ 
abecf gh 
where a= BC’ + B’C -2FF’, {=GH'+G@'H - AF’ -A’'F, etc. 

These twenty conditions are a consequence of the fact (Salmon, 
pp. 345-6) that the F-conic, the locus of points from which tangents 
to the two conics form a harmonic pencil, belongs to the system 
TE ON iss cetninwiinrsenrcceeseciesiolen (i) 


when S, S’ have double contact. 
There can only be, however, two independent conditions ; two 
necessary and sufficient ones can be obtained by quite different 
methods. 
From the figure we notice that all conics which touch TQ, TQ’ 
at Q, Q’ have their centres on the line from 7' to the middle point, 


=0 
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V, of QQ’. We shall get the conditions from the facts that (1) the 
conics touch ; (2) the polars of any point on 7'V (or CC’) with respect 


to S=0, S’=0 will be parallel. 
‘nN 


_ Q 





The algebraic statement of (1) is the well-known condition that 
MB 4 OU + GA+ B= 2..000ccccesecccccscccccees (ii) 


shall have two roots equal. This condition is known to be both 
necessary and sufficient. 

The coordinates of C, C’ are (@/C, F/C) and (G’/C’, F’/C’). Hence 
taking any point on CC’ as 

G G’ F F’ 
{ug+d -Ma Bat (l-H) ay 
the equations of the polars are 
(1 — ») {x (aG’ + AF’ + gC’) + y(hG@’ + bF’ +fC’)}+...=0 
and pf{a(a’'G+h'F+9'C)+y(’G+b'F+f'C)}+...=0. 
Thus the condition required is 
aG+h'F+9'C h’'G+b'F+f'C 
aG@'+hF’+gC’ h@’ + bF’ + fC’ © ee eeeeeeeeeeereere 

Conversely, if this condition is satisfied the polars are parallel and 
this, together with the fact that the curves touch, establishes double 
contact. 

There is another way of looking at the matter which shows that 
each of the fractions in (iii) is equal to the value A, of A for which 
(ii) has equal roots. 

If we put A=A, in (i), then S+A,S’=0 represents a pair of 


coincident straight lines (QQ’). The conditions for this, assuming 
that a+A,a’0, are 





(iii) 


(@+Aa’)(B+AB’)=(W4AN')®, ...ccccccccccessseeseees (v) 
(g-+Ag’) (h+Ah’)=(a+Aa’)(fHAP’), cceceeereeees (vi) 
(a+Aa’)(C+AC’)=(GHAY’)®,  ..eseecececeeeereeeee (vii) 


when A=A,. 

Thus the conditions for double contact are that the equations (v), 
(vi), (vii) shall have a common root A,. Now suppose that the roots 
of (v) are A,, Ax. The equation (v) alone is the condition that 
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§+AS’=0 shall represent a parabola. There is one parabola touch- 
ing TQ, TQ’ at Q, Q’, and it is given by S+A,S’=0. Moreover, 
from the geometry of the parabola its axis must be parallel to 7'V 
or CC’ ; that is, the equations 


(a+A,a’)x+ (h+Ah')y+...=0 
and (FC’ — F’C)x+ (@’C- GC’) y+...=0 
represent parallel lines. This gives 

eee Se 
2 —aG+h'F+9'C eu . 

But, from (v), AA,=C/C’. 
_aG+h'F+g9'C 
ne = aO"+ WE" + gC" 
as stated. 

The same result may be obtained by using the fact that equation 
(vi) has roots A=A,, A, and S+A,S8’=0 is the equation of the conic 
of the system whose centre lies on the x-axis. B. E. LAWRENCE. 


1164. Three curious results. 


1. A soda-water siphon, initially quite full, is slowly emptied. 
The obvious physical assumptions involve two constants, a and 3, 
say. Prove that the ratio of the initial and final pressures in the 


siphon is 
l —n 
te 
where n=a/(a — b). 


2. A particle is projected downwards with velocity V in an 
atmosphere whose density p is inversely proportional to 1 — dy, 
where y is the depth below the point of projection. The retardation 
due to air resistance is proportional to pv, and is accordingly 


kdv? 

1—dy’ 
where k is a numerical constant depending on the particle. Show 
that, (a) if k=1 the motion (as long as it lasts) is simple harmonic 
(whatever the value of V), (b) if k > 4 and A(k— 4)V?2=g, the particle 
moves under constant retardation, and its velocity at any moment 
is proportional to the local limiting velocity. 

3. Suppose that the functions f,,(x) are each continuous in a 

finite closed interval, and that for each x of the interval the limit 


f(z) aif, (x) 


exists. Show that f(x) is continuous provided that either (a) the 
convergence of f, to f is uniform, or (6) the continuity of f, is 
wiform in n. Show also that if either (a) or (6) happens, then both 


happen. J. E, Lirriewoop, 
U 
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A BRISTOL COLLOQUIUM. 


AN informal colloquium on the Theory of Numbers was held in 
Bristol from 11th-15th June. The visitors were the guests of the 
Mathematics Department of the University of Bristol. Lectures, 
followed by discussions, were held as follows : 
Wednesday, 12th June. 
10a.m. H. Heilbronn. The latest solution of Waring’s 
Problem (Part I). 
4.50 p.m. H. Heilbronn. The latest solution of Waring’s 
Problem (Part IT). 
Thursday, 13th June. 
10am.  R. Rado. Class-field Theory. 
4.50 p.m. Eric Phillips. | Van der Corput’s method. 
Friday, 14th June. 

10am. T.Estermann. The representation of numbers as 

sums of squares. 

4.50 p.m. H. Davenport. Congruence Zeta functions. 
Saturday, 15th June. 

10 a.m.  E.H. Linfoot. Schneider’s proof of Gelfond’s 

Theorem. 

Dr. Heilbronn gave an account, embodying some improvements 
in the argument, of Winogradoff’s new attack on Waring’s problem. 
Waring asserted that, given k => 2, a fixed number s can always be 
found such that all positive integers are the sum of at most 8 
positive kth powers. Let G(k) be the least number of positive or 
zero kth powers needed to represent all sufficiently large numbers. 
That is to say, G(k) is the least value of s for which the Diophantine 
equation 
(1) 2,*+2,*+...42%=n 
is soluble in integers x,, x,...2, =0 for all sufficiently large values 
of n. Winogradoff’s new result is that G(k) < 6k log k+ 10k. 

Dr. Rado gave an interesting report on Class-field theory. 

Dr. Phillips explained van der Corput’s method of estimating 
sums of the form 

e2mif (n) 
asnsb 
and stated results of his own. 

Dr. Estermann gave a proof of the exact formula for the number 
of solutions of (1) in the cases k=2, 5 < 8s S 8, using $-functions, but 
avoiding any appeal to the general theory of modular functions. 

Dr. Davenport explained the genesis and properties of congruence 
{-functions, and their interest in providing problems analogous to 
that of Riemann’s hypothesis. 

Dr. Linfoot gave an exposition of Schneider’s proof of Gelfond’s 


theorem: w* is transcendental if w 0, 1 is algebraic and 4 is an 
algebraic irrational. 





L in 
the 
res, 


ng’s 


ng’s 


ents 
lem. 
s be 
st 8 
re OF 
bers. 
itine 


alues 


ating 


mber 
3, but 


lence 
us to 


ond’s 
is an 











REVIEWS 


REVIEWS. 


Relativity, Gravitation and World-Structure. By E. A. Mitne. Pp. viii, 
365. 25s. 1935. International Series of Monographs on Physics. (Oxford) 

It is now well known that the most remote objects in the universe, the 
spiral nebulae, appear to be receding from our own galactic system with 
velocities roughly proportional to their distances. This is the phenomenon 
of the “expansion of the universe”. It has been one of the triumphs of 
General Relativity that it predicted this phenomenon, and has subsequently 
developed for it a comprehensive, though highly abstruse, theory. However, 
about three years ago, Professor Milne suggested that the phenomenon is in 
principle nothing more obscure than the fact that a cloud of gas liberated in 
free space will proceed to expand, or that a handful of marbles spilt on the 
floor will roll away from each other in all directions. He then set himself the 
problem of describing this phenomenon in accordance with a relativity prin- 
ciple, and of applying it to the actual universe consistently with some cosmo- 
logical principle. The result is the present imposing volume. 

It contains, moreover, very much besides a theory of the expanding universe. 
In fact, it supplies a new system of relativity, ‘‘ kinematical relativity’, as 
Milne calls it. Also one might say that it offers a new theory of gravitation. 
But actually what Professor Milne does is to show that, when he formulates 
the motions of matter which are consistent with his principles of relativity 
and cosmology, without explicit mention of gravitation, then he arrives at 
conclusions which in other theories do require an appeal to a specific law of 
gravitation for their establishment. 

Professor Milne’s relativity is very simple. His observers are required only 
to be able to measure time and angle, and to transmit and receive light-signals. 
An observer can then attach “ coordinates’ to any event in terms of the 
times and directions at which he transmits and receives back a light-signal 
reflected at the event. These coordinates are thus constructed out of im- 
mediately observable quantities. Milne shows how it is possible to derive the 
transformation from the coordinates used by an observer A to those used by 
an observer B, merely from the condition that the totality of observations which 
A can make on B is identical with the totality of observations which B can make 
on A. Such a transformation is the first object of any relativity theory. 

Milne’s system of cosmology is built on an extension of the same ideas. 
The universe is supposed to contain a set of fundamental observers such that, 
if A, B are any two members of the set, then the totality of observations which 
A can make upon the whole universe is identical with the totality of observations 
which B can make upon the whole universe. This is Milne’s cosmological prin- 
ciple. The simplest universe satisfying this condition consists just of the 
“ particles ’’ carrying the fundamental observers, as viewed from any one of 
them, say O, with uniform velocities which at any instant are proportional 
to the distances of the particles from O. If these “ particles” are identified 
with the spiral nebulae, we have the simplest possible model, on Milne’s theory, 
of the expanding universe. The theory gives a complete account of the observ- 
able properties of such a model, as, for example, the distribution of nebulae 
with respect to distance, Doppler shift, and apparent magnitude. Even in 
this simple case it is not without surprises. 

The excitement really begins, however, in the next stage of complication 
when we allow the universe to contain other particles (besides those accom- 
panying the fundamental observers) which are required statistically to satisfy 
the cosmological principle. The density distribution of these particles is 
found to possess a point of agglomeration at each fundamental observer. The 
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trajectories of the particles exhibit remarkable properties; each particle is 
accelerated up to the velocity of light at a finite time and place within the 
universe, after which it decelerates and tends to relative rest with respect to 
some fundamental observer. The particles may further be divided into sub- 
systems between which there is an exchange of particles according to precisely 
formulated reciprocity relations. Milne shows that such features can be taken 
to represent respectively the agglomeration of matter into galaxies, the pro- 
duction of cosmic rays, the formation of the cosmic cloud, and the interpene- 
tration of one galaxy by clusters of stars belonging to other galaxies—these, 
and no less! Moreover, all this does not depend upon any elaborate gravita- 
tional theory, but on the simple requirement that the cosmological principle 
should be satisfied. Ifthe particles attempted to move otherwise than in the 
manner in which Milne finds them to move, then they would actually be 
picking out some preferred “‘ centre ”’ in the universe, or defining some absolute 
standard of rest, and so violating the principle. That such a simple and 
general requirement should yield a theory of so vast a range of cosmic pheno- 
mena seems almost fantastic, but in Professor Milne’s book it appears as un 
fait accompli. 

The chief significance of Milne’s work appears to lie, however, not in its 
explanation of any particular phenomenon, but rather in its method of 
approach. To see this we must view the work in its setting, and glance back 
over the development of mathematical physics since the time of Newton. 
His laws of motion were in the character of postulates concerning observable 
quantities, and from these he could derive analytical expressions, differential 
equations in reality, and use them to predict the results of future observations. 
Nineteenth-century physics did not succeed in applying the same method to 
electromagnetic field-theory and atomic theory, and so, to repeat a familiar 
story, it made use of mechanical models to suggest the requisite analytical 
relations. Modern atomic theory, in the shape of the Quantum Mechanics of 
Heisenberg, Dirac and others, has however again succeeded in what may be 
regarded as a return to the Newtonian method of physical postulates. Now 
the history of the theory of dynamics and gravitation has been more or less 
parallel. Up to and including the introduction of Special Relativity it could 
be regarded as resting directly on physical postulates, but the advent of General 
Relativity brought a change. This theory employed geometrical models to 
suggest the analytical form of its field equations. But now Milne’s work pro- 
vides afresh a way of approach directly from physical postulates about observ- 
able quantities. It seems fair to regard it as an attempt to do for relativity 
theory what Heisenberg, Dirac and others have done for quantum theory. 
The foundations of the theory may in the future undergo modification ; but 
in revealing this approach to the subject Professor Milne has, one believes, 
made a great and permanent advance. 

What we now want most to know about Milne’s theory is whether it can 
deal with “ localisms ”, if one may seize upon a term accidentally coined by 
a foreigner. We have seen the theory deal triumphantly with the general 
career of the universe, and we should now like to see it equally successful 
with things nearer home. It can produce cosmic rays and cosmic clouds, but 
can it produce a Kepler orbit ? Milne sketches the way in which it may be 
expected to do so, and we eagerly await the development of this part of the 
subject. Further, however insufficient the physical bases of General Rela- 
tivity may be, it certainly has so far always yielded results in agreement with 
observation, and in particular has satisfied the three well-known “ crucial ” 
tests regarding the gravitational deflection and red shift of light and the 
advance of the perihelion. As will occur to anyone reading Milne’s theory, 
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it also must ultimately stand up to the same tests if it is to compete success- 
fully with General Relativity. 

The mathematician will find much interest in Milne’s book. Instead of the 
tensor calculus and differential geometry in common use in these subjects, 
he uses functional equations, vectors, and a little of the theory of sets of 
points. The march of the mathematical development is masterly. The whole 
book breathes mental exhilaration. One cannot read it without being caught 
up by Professor Milne’s own overflowing enthusiasm for the subject and fired 
with the desire to take up the challenge of some of the fundamental unsolved 
problems with which he does not hesitate to present us in almost every chapter. 

W. H. McCrea. 


The Principles of Quantum Mechanics. By P. A.M. Drrac. Second Edition. 
Pp. xi, 300. 17s. 6d. 1935. (Oxford) 


The publication of the second edition of Dirac’s classical treatise on Quantum 
Theory marks the end of an epoch in the development of this subject. The 
form given to the Quantum Theory by Dirac and Heisenberg has now crystal- 
lised into a universally accepted body of principles and applications. But, 
alas, the features of this new body of research are already “ sicklied o’er with 
the pale cast of doubt”. The last chapter of this book sounds a note of doubt, 
difficulty and dismay at the problems presented by the theory of radiation 
and of the structure of the electron. 

The greater part of this second edition has been completely rewritten. 
Broadly speaking, the treatment of the present edition is rather less abstract 
than that of the first edition, but no concessions have been made to experi- 
mental physicists who look for a model and a realistic interpretation of the 
principles of the subject. 

The earlier chapters of the first edition have been completely remodelled 
and the method of exposition somewhat simplified. Dirac, however, still 
insists upon using two distinct symbols % and ¢ for a vector in Hilbertian 
space and its conjugate imaginary. This notation has not been widely adopted 
by other workers and does not seem to present many advantages. The stroke 
notation adopted later for matrix elements and wave functions is, however, 
most convenient and self-explanatory. 

It has always been a feature of Dirac’s work that he has refused to be 
daunted by the purely technical difficulties associated with the limiting pro- 
cesses which are required in order to give his formalism an interpretation 
which is satisfactory to the pure mathematicians. In particular his use of the 
§ function shows a most triumphant disregard for what the rigorists consider 
to be the decencies of mathematical intercourse. 

The function 8(x) is defined to be a function which vanishes everywhere 
except at the origin, x=0, at which point it is so infinite that the integral 
of 5(x) from — to +o isunity. It is difficult to overestimate the enormous 
convenience of this notation, which short-circuits all the technical difficulties 
and frequently suggests the right processes to be adopted. Of course, the 
use of the 5 function can be justified by arguments involving limiting pro- 
cesses, and the rigorous treatment of this subject is expounded in the works 
of von Neumann and M. H. Stone. Not content with making use of the 8 
function and its derivatives, Dirac has even pointed out that the usual formula 
for the derivative of log x is incorrect and requires to be amended as in the 
following equation— 


d Bo 3 
= log x ——- tr (2) 
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in order to be valid in the neighbourhood of «=0. It is a most curious fact 
that this particular combination of symbols arises quite naturally in the 
quantum theory of collision processes. Truly the mantle of Heaviside has 
fallen on Dirac ! 

A certain amount of new material has been included in Chapters 5 and 6. 
Page 113 summarises Dirac’s method of interpreting the contact transforma- 
tions of classical dynamics as unitary transformations in the Quantum Theory. 
On page 123 he gives an account of the principle of stationary action in the 
form required by the Quantum Theory. The construction of these two 
analogues of standard results in classical dynamics is a most interesting 
development, and it is only to be regretted that Dirac gives no references 
to his original papers in which these developments are treated more fully. 

Another new feature of Chapter 6 is the treatment of Gibbs’ Ensemble on 
page 139. It is in effect the quantum analogue of the ergodic principle in 
statistical mechanics. This section has suffered considerably by its com- 
pression from the original memoirs by von Neumann and Dirac in which the 
properties of the density matrix were originally established. For example, 
it is a most remarkable omission that on page 141 the author does not establish 
the fundamental equation p?=p, which is valid in the most important cases 
in which all the probabilities P,, are equal to unity. 

The chapter on the relativistic theory of the electron has been enriched 
with a section (page 260) giving Schrédinger’s exact integrals of the equations 
of free motion, and by a section (page 270) giving the theory of the positron. 
It will be remembered that the positron was predicted (at least implicitly) by 
Dirac’s relativistic theory at least a year before it was experimentally detected 
in the laboratory. 

The last chapter of the book is at the same time the most interesting and 
the most disappointing—disappointing not because of the inadequacy of the 
exposition, but because of the failure of theory to achieve a satisfactory 
solution of the problem of radiation. Dirac gives an admirable account of 
the development of the quantum conditions for an electro-magnetic field and 
of the super-quantisation of electron waves. But the book closes on a note 
of regret that the quantum theory in its existing form seems inadequate to 
deal with the structure of the electron. 

It is needless to dilate on the important part which has been played by 
Dirac’s treatise in the development of the Quantum Theory. This work, 
together with the treatise by Weyl, will inevitably continue to form for some 
time the great twin pillars of Hercules supporting the massive structure of 
the Quantum Theory. G. T. 


THE MATHEMATICAL GAZETTE 


Die allgemeinen Integrationsmethoden der analytischen Mechanik. By 
G. Pranae. Pp. xiii, 505-804. RM. 12.20. 1935. (Teubner) 


This important volume is the final instalment of the section devoted to 
mechanics in the great Hncyclopdidie der Mathematischen Wissenschaften 
planned by Klein and issued under the patronage of the Academies of Berlin, 
Gottingen, Heidelberg, Leipzig, Munich, and Vienna. With its appearance 
the gigantic project, which has taken nearly forty years to carry out, is com- 
plete—a consummation survived by some hundred and twenty out of over 
two hundred collaborators. Its unhurried growth guarantees a certain per- 
manence in the result ; in this respect the Encyclopedia is probably destined 
to outlive some of the mushroom Handbiicher of the younger sciences, which 
are liable to be out of date by the time of publication. The comparison is, of 
course, not quite fair; mathematical science lends herself much more readily 
than her less mature sisters to such monumental perpetuation. 
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In the scheme of the Encyclopedia the volume under review is Band IV, 1, 
Il, Heft 4, BIII, 12 and 13, which at least assures us of the thoroughness 
with which its subject-matter has been pigeon-holed. It deals with the 
general methods available for setting up and integrating the equations of 
motion of systems with a finite number of degrees of freedom. Actual applica- 
tions and “ problems ” are outside its province ; we should look in vain in a 
German Encyclopedia article for that peculiarly English synthesis of the 
ultimate truths of dynamics and the requirements of a Tripos Examination, 
with its quaintly picturesque apparatus of insects crawling with constant 
speed along uniform rods of mass m and length 2a. It is perhaps character- 
istic that in the discussion of the distinction between holonomic and non- 
holonomic systems in the first chapter no concrete example is given, and in 
the section on the Hamilton-Jacobi equation a single example—Jacobi’s 
treatment of Keplerian motion—is outlined in a footnote, but the emphasis is 
historical. This abstract treatment is, of course, in no way to be counted as a 
defect ; there is a clear distinction between an encyclopedia and a textbook. 

The work is divided into eight sections. In the first two the differential 
and variational principles for establishing the equations of motion are dis- 
cussed. The next deals with the method of variation of constants in perturba- 
tion theory, and with Hamilton’s ideas on the analogy of dynamics with 
optics, which may be said to be the starting-point of the modern theory of 
dynamics, and had vitality enough to bear fruit again a hundred years later 
in the work of de Broglie and Schrédinger. The next section is devoted to 
varied action and the Hamilton-Jacobi partial differential equation. There 
follows a treatment of integral-invariants, including the Wiederkehrsatz of 
Poincaré and adiabatic invariants. The next section gives a full account of 
the systematic integration of the canonical equations, including a discussion 
of the connection between the integrals and infinitesimal transformations, 
Poisson’s theorem, and the reduction of the equations when integrals are 
known. The last two sections are concerned respectively with canonical and 
contact transformations and Pfaff’s systems, and with the transformation of 
one dynamical problem into another “ equivalent ”’ to it, as investigated by 
Stickel, Painlevé, and others. The whole is an authoritative, complete, and 
admirably written presentation of general dynamical theory. A most valuable 
feature of the book is the way in which the inter-relations of different lines of 
thought have been made clear, and each contribution traced to its source. 
This historical perspective goes a long way towards making the book really 
readable—an unlooked-for, and therefore all the more welcome quality in an 
encyclopedic article. The readableness is also enhanced by relegating to foot- 
notes a wealth of commentary which would have interrupted the flow of the 
text had it been incorporated. References to original sources are, of course, 
particularly full. The print and paper are excellent; there are perhaps 
rather more misprints than one would expect, but they are all quite un- 
Important. 

Now that the centre of interest in dynamics has shifted from the solar 
system to the atom, and the decline of the naively interpreted “ planetary ” 
model of the atom has closed a promising field of application, there is perhaps 
& temptation to regard the beautiful theory of classical dynamics as possessing 
mainly academic interest. A moment’s reflection will show how superficial 
such a view would be. The obvious debt of the new quantum mechanics of 
the atom to classical theory is evidence of how deeply that theory probes into 
the nature of things. In reading Dr. Prange’s masterly summary one cannot 
fail to be struck by the way in which Heisenberg, Dirac, and Schrédinger, in 
stoping for a formulation of the new mechanics, all fell back on different 








304 THE MATHEMATICAL GAZETTE 
aspects of classical theory as a starting-point. This is after all not surprising ; 
for dynamics is probably our most fundamental mode of approach to the 
physical world, and on it we must ultimately rely. R.8. 


Principes et Méthodes de la Mécanique Invariante. By J. Lz Roux. Pp. 
vi, 112. 20 fr. 1934. (Gauthier-Villars) 


In this book the author has brought together a number of results published 
in his earlier papers, so as to give a complete presentation of his theories. 
The title at once suggests a relativistic point of view ; but one does not have 
to read far to realise that the author is severely at odds with orthodox rela- 
tivity. The major part of the book, however, is devoted to a development of 
his own theory on mathematical lines, his criticisms of other theories being 
largely incidental, and expressed with a commendable moderation, which 
alone would put the work in a different category from the usual anti-relativist 
polemics. 

In place of a preface, and as summarising his own programme, M. Le Roux 
quotes the pregnant passage from Poincaré’s La Science et ’ Hypothése (1900), 
in which the possibility is foreshadowed of formulating the laws of dynamics 
in a manner independent of the system of reference. M. Le Roux contem- 
plates transformations from one system of geometrical coordinates to another ; 
the formulae for these contain, besides the two sets of coordinates, certain 
parameters specifying the relative positions of the two frames of reference. 
Relative motion of the frames corresponds to a variation of these parameters. 
Using ideas borrowed from Lie’s theory of transformation groups, M. Le Roux 
seeks the invariant formulation adumbrated by Poincaré, valid for arbitrarily 
moving frames of reference. In current relativity theory this condition is 
satisfied by requiring that all physical laws should be invariant under arbitrary 
transformations of the four space-time coordinates. The relativity of M. Le 
Roux on the other hand is confined to dynamics ; the velocity of light plays 
no part in his scheme, nor does the idea of space-time ; he regards time merely 
as an auxiliary parameter. Thus his relativity is of a comparatively con- 
servative kind, and it is not surprising that he should be led in the end to 
results substantially in agreement with Newtonian dynamics. On the way, 
however, he is able to throw some interesting side-lights on questions such as 
mutual actions (including Newtonian gravitation) in a system of particles, 
kinetic energy in moving frames of reference, and the meaning of the 
“ absolute ” space and time of Newtonian mechanics. 

The gist of M. Le Koux’s criticism of “ special”’ relativity is that the 
Galilean ds* is invariant under the Lorentz group only if the parameters of 
the group be treated as constants. But fixing the parameters precludes 
relative motion of the two frames, so that the theory cannot possibly have 
the required invariance. This criticism, however, seems to rest on a mis- 
understanding. Special relativity does not demand invariance with respect 
to frames moving in space-time, whatever that would mean, but with respect 
to three-dimensional frames in uniform relative motion, which correspond to 
space-time frames with different orientations. 

Although M. Le Roux cannot be said to have succeeded either in making 
@ convincing criticism of orthodox relativity, or in producing an alternative 
theory of anything like the same scope, the reader will find in his original 
and unusual book much to provoke thought on fundamental questions of 
mechanics. R. 8. 


Chaleur. By J.-B. Tourrion. Pp. 304. 35 fr. 1935. (Gauthier-Villars) 


This textbook on Heat follows a definite syllabus and forms part of & 
college course in physics for those specialising in mathematics. The first 
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24 pages are devoted to subjects such as mass, measurement, units and errors. 
The remainder of the book is concerned with the compressibility and thermal 
expansion of ideal gases and real fluids; thermometry, calorimetry and 
various types of change of physical state. These subjects are described in a 
precise way, with considerable attention to detail. The book does not contain 
any treatment of the kinetic theory of gases. Thermodynamical theory is 
introduced in stages as it is required, thus emphasising the physical meaning 
of the symbols, but making the mathematics rather informal and disconnected. 

The treatment of mass is unusual and pleasing. Discussion of static and 
dynamic definitions leads to a universal constant, which is independent of the 
nature and position of the body. The units are then chosen so as to make 
this constant unity. 

Several pages are devoted to c.G.s. and other units, but the calorie is 
treated very casually. On page 30 “ the mechanical equivalent of the calorie ” 
is mentioned, but without any reference being made to Joule’s classical 
work! On page 124 the 15°C. small calorie is at last defined, and on page 
143 we come to Rowland’s work on the variation of the specific heat of water. 
Callendar’s work is not mentioned, nor do I find his name in the book at all. 

The only method described for measuring the specific heat of a gas at 
constant volume is very indirect; Joly’s steam calorimeter method is 
not mentioned, though similar work at low temperatures by Dewar is 
described. The ice-point on the centigrade absolute scale is deduced by 
considering a real gas at an indefinitely low pressure, and thus no reference 
is necessary to the “ porous plug” experiment. The problem is, however, 
dismissed briefly in a footnote. 

One other feature of the book may be mentioned: the large number of 
laws named specifically after original investigators. For instance, we find 
laws of Mariotte, Gay-Lussac, Davy and Charles, where British books would 
write Boyle and Charles. W.N. B. 


Ocean Waves and Kindred Geophysical Phenomena. By VAUGHAN CoRNISH. 
With Additional Notes by Harotp JEFFrEys. Pp. xv, 164. 10s. 1934. 
(Cambridge) 

Dr. Cornish’s book furnishes an extremely welcome contribution to our 
knowledge of wave-motion in hydrodynamics. Dr. Cornish’s works, in fact, 
form the most important contribution to the subject from the observational 
point of view that our generation has seen. As Dr. Jeffreys says at the com- 
mencement of his Additional Notes: ‘‘ The phenomena discussed by Dr. 
Cornish are essentially hydrodynamical, and constitute a branch of physics. 

. Dr. Cornish has obtained a larger quantity of observational material than 
any other worker on the subject ; and in the course of his remarks he makes a 
number of contributions to the theory, some quantitative and some quali- 
tative. Nevertheless some further indication of the extent of the explanations 
available seems to be desirable. Some of his results may, I think, be fairly 
said to have been completely explained theoretically by modern hydro- 
dynamics ; others have been partly explained, though a residue remains to 
be considered by theoretical workers ; while others are hardly explained at 
all. The explanations, so far as they exist, should I think be of interest to 
navigators, engineers, and others directly concerned with the natural pheno- 
mena; while so far as the phenomena remain unexplained it seems desirable 
to call the attention of theoretical investigators to them.” 

The book is in four sections, of which one contains the valuable additional 
notes by Dr. Jeffreys. Of particular value (since it is to be found in no other 
book in English) is the account of Exner’s theory of waves in sand or snow. 
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(Dr. Jeffreys also gives Exner’s explanation of the meandering of streams, 
according to which the phenomenon depends on a lee eddy with a vertical 
axis which is formed behind the sand-bank at the side where the stream silts 
up. This may play a part, but it is probably a small one, and the different, 
and generally accepted, theory first put forward by James Thomson (Papers, 
pp. 96-106) seems to be substantially correct.) The other three sections deal, 
mainly observationally, with the size and speed of ocean waves in relation to 
the velocity of wind ; with the waves in sand and snow formed and propelled 
by wind and current; and with tidal bores and other progressive waves in 
rivers. The second group of phenomena is essentially different from the 
first and third ; it depends on the elevation, transport and re-deposition of 
the grains of sand or snow by the moving air or water above. Our observa- 
tional knowledge of this second group of phenomena has definitely outstripped 
our theoretical knowledge, so that here is a field of work for theoretical 
research in which there has appeared, so far, only a few pioneer researches. 
The third of Dr. Cornish’s groups of phenomena—waves in rivers—contains 
also some very pretty unsolved problems. 

I cannot forbear to quote here from Dr. Cornish’s preface. He first describes 
how, forty years ago, he lived near Branksome Chine, and was fascinated by 
the waves “that broke in ever-changing cadence on the beach. Near by, 
moreover, a little stream making its way through the beach threw the sandy 
bottom into curious undulations which actually travelled up-stream against 
the current by which they were formed; and a mile or two away on the 
dunes near Poole Harbour the wind drove the dry sand in wave processions ”. 

He began his observations, but in a few years found that, in order to con- 
tinue his investigations, he would have to travel widely in search of waves. 
“TI have never again ”’, he says, “‘ had a house with such a view as that from 
my former house on the cliff, but I have compensations in the memory of 
many wonderful sights in storms at sea; of snow-waves moving in ghostly 
procession across the Canadian prairie; of sand-waves, rank behind rank, 
driven by the desert wind ; of the onset of the tidal bore in the Severn and 
the Trent, and of Leaping Waves in the Rapids of Niagara. 

“* In one respect only was my work, for a time, disappointing. Part of my 
purpose was to provide the mathematician with numerical data for the further 
development of the theory of water-waves, and to enlist his interests on the 
progressive undulations of granular material. But there are fashions in 
mathematics as in all human pursuits, and I had to wait no less than thirty 
years before a younger generation of mathematicians, more interested in 
‘ turbulence ’ than their classical Victorian predecessors, began to develop the 
material which I had collected. Foremost among these was my friend Dr. 
Harold Jeffreys, whose “ Additional Notes” at the end of this volume 
generalise and extend the results of my observations and measurements.” 

One last quotation, from further on in the book, which continues the 
ideas in the last paragraph of the preface: “‘ As I proceed with my nar- 
rative of observation it will, I think, become increasingly apparent that for 
the proper understanding of the growth and progression of waves at sea we 
should always endeavour to visualise the eddies and undulation of the super- 
incumbent air. The large scale of the eddy to leeward of the crest, and the 
very active rotation of the air, are actually visible when wind is propelling 
waves of granular material such as the desert sand or the dry snow of the 
Canadian prairie ”’. 

It should be added that the book is beautifully illustrated with 26 plates. 
It is to be recommended to all who seek to combine a scientific interest in 
the processes of nature with aesthetic satisfaction. 8. G. 
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Idealtheorie. By W. Krux. Pp. vii, 152. RM. 17.50. 1935. Ergebnisse 
der Mathematik, Band IV, Heft 3. (Springer) 

The principal difficulty in reading the theory of ideals is that it has two 
more or less opposed aspects, neither of which can be dispensed with. What 
is the greater of two ideals in the group-theory aspect is the less in the arith- 
metic, and vice versa. If we consider a finite or infinite set of objects, repre- 
sented by letters a, 6, c,... which are called the elements of the aggregate, 
then if we add more elements the aggregate becomes greater ; but the common 
factor of the elements, assuming they have some common factor or property, 
becomes less, or at most remains unchanged. The first is the group aspect 
and the second the arithmetic. In the one the ideal is the aggregate and in 
the other the common factor. Dedekind, who founded the theory of ideals, 
expressed their properties in arithmetic language, while Krull prefers to 
express them in the terminology of the theory of groups, giving full play at 
the same time to the arithmetic terminology. The group aspect is undoubtedly 
at first sight the simpler one, but it seems to make the language more com- 
plicated and the reasoning more difficult to follow. An ideal is an additive 
group or subgroup ; but more than a group. As Krull expresses it, ideals are 
(special) operator groups. Nevertheless the properties of operator groups 
should not be used for proving properties of ideals, but rather the contrary. 
Ideals are simplest when treated by themselves ; and this is true for the non- 
commutative as well as for the commutative case. 

Another simple and more fully illustrative example may explain what the 
theory of ideals is concerned with. Consider the aggregate of all rational 
integers 0, +1, +2,.... In this aggregate we can add and subtract and 
multiply any of the elements without ever passing outside the aggregate ; but 
the result in general of dividing an element by another does not give an 
element of the aggregate. An aggregate of elements having these properties 
is called a ring; and a special subring which includes all the elements obtained 
by multiplying any element of itself by any element of the parent ring is called 
an ideal of and in the parent ring. Thus, in the ring of integers above, the 
aggregate of all elements which are multiples of a fixed element, say 6, is an 
ideal which is denoted by (6). If then a, as, ..., a, are any k fixed elements 
of an ideal M in a ring R, so also is r,a,+7.4,+...+7,a, an element of M, 
where 7, T:,..-, 7, are any k elements of R. If further there are k fixed 
elements a, 3, ... , @;, of M such that any and every element of M is express- 
ible in the form 7,a,+724,+...+17;,@,, these fixed elements are said to form a 
(finite) basis of M, and (a, dz, ... , @;,) denotes the basis and also the ideal M 
itself. This M is the ideal H.0.¥F. of the ideals (a;), (2), ... , (a;,). 

All the properties of ideals (when the arithmetic terminology is used) are 
connected in some way with idealfactors and idealmultiples; we can add 
elements to one another, but not ideals. This only means that the term swm 
(apart from the term direct sum, which is borrowed from the group termi- 
nology) does not fit in with the rest of the arithmetic terminology. Arithmetic 
terms applied to elements (in contrast to ideals) have the same meanings as 
when used in ordinary arithmetic and algebra, but the elements themselves 
and what is meant by adding and multiplying them are all abstract ideas, 
that is, in abstract ideal theory. As applied to ideals the same terms have 
analogous but more extended meanings. Thus the terms factor, multiple, 
product, quotient, H.C.F., L.C.M., prime are all applied to ideals, and many 
other special terms have to be invented. Their relations to one another, 

however, are not as simple as in arithmetic. Thus a multiple of an ideal is 
hot in general the product of that ideal and another ideal ; and a ring has to 
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be very specialised if all ideals in it are to be expressible as products of powers 
of prime ideals. 

The theory of ideals was refounded, or at least revolutionised, by E. Noether’s 
** Tdealtheorie in Ringbereichen ”, Math. Annalen, 83 (1921) ; and to a smaller 
but still very great extent by Steinitz’s Algebraische Theorie der Koérper 
(1910; new edition by R. Baer and H. Hasse, 1930, W. de Gruyter, Berlin). 
Since 1921 the theory has developed continuously and rapidly, not far short 
of a hundred authors having published memoirs on the subject, the principal 
among them being Noether, van der Waerden and Krull. 

Krull’s invaluable report gives a complete survey of ideal theory in com- 
mutative rings, that is, rings in which the multiplying of elements is com- 
mutative. He assumes in general that the parent ring includes a unit-element 
eor 1. All additive groups, and therefore all ideals, include zero or 0 as an 
element ; but no ideal except the whole ring can include the unit-element of 
the ring, for if it includes 1 it also includes the ideal (1), which is the whole 
ring. The case in which the ring has ideals which do not possess a finite basis 
is included in full, the chief results for this case being due to Krull. He 
assumes that such rings include an infinite number of prime ideals. A well- 
known exception is the ring of all algebraic integers in which there are no 
prime ideals, though every ideal has a basis consisting of a single element. 
The report forms difficult reading because the subject is difficult. Many 
theorems require very careful and repeated scrutiny before the reader can be 
sure that he has not missed any point. Their number and variety is almost 
bewildering ; but different sections such as those on general theory, finite 
bases, infinite bases, factorisation, polynomials, bewertungstheorie, are more 
or less independent and can be taken up separately. It does not seem possible 
to state a single theorem without further explanations. 

Throughout the text there are copious references to the literature. Of 
special value are the numerous indications for further research. At the end 
is an exhaustive list of memoirs, comprising some 240 entries, including some 
on the non-commutative case. It concludes with an extremely useful 
appendix on terminology and an index to the report which might be enlarged. 

F. 8. M. 


Lectures on Matrices. By J. H. M. WEDDERBURN. Pp. vii, 200. $3.00. 
1934. American Mathematica! Society Colloquium Publications, 17. 
(American Mathematical Society) 


This book, with its systematic account of matrices and their applications, 
is based upon lecture courses given at Princeton University from time to time 
during the last fifteen years. The author, who is one of the leading alge- 
braists in America, is in the true succession of Grassmann, Hamilton, Sylvester, 
Peirce and Gibbs, pioneers who enlarged our concept of number by investigat- 
ing the properties of the vector, the quaternion and the matrix as single 
entities, rather than the numbers out of which they are ultimately composed. 
Molecular, in fact, developed out of atomic algebra. All is comprised in the 
theory of non-commutative algebra, a subject which has both a practical and 
an abstract side. The matrix, whether square or rectangular, is always 
available as the concrete expression or representation of the abstract entity, 
and thus affords the link between this higher algebra on the one hand and 
geometry or physics on the other. The present book gives a decidedly abstract 
account of matrices, but occasionally offers suggestions as to geometrical and 
physical applications. 

Such an account may take different forms: it may be eminently direct, 
and follow in the spirit of the work of Cayley or Muir by never straying far 
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from the idea that a matrix is a rectangular array, and that such an orderly 
geometrical figure can indeed suggest genuinely algebraical proofs, and even 
lead to new results: a treatment which may be called the determinantal 
aspect of matrix theory. Or again it may take a vectorial form by following 
in the pathway of Grassmann with his extensive magnitudes. In this line of 
thought an ordinary complex number, for example, a + 7b, is a single resultant 
entity z resolved into components a and b with reference to a basis of two 
units 1 and 7: a quaternion a+ib+jc+kd is an entity resolved into four 
components with a basis of four units 1, i, 7, k; while a vector of order n, 


X= Exe, + Enea +--+ Enlns 


isan entity x resolved into n components é; with a basis of n units 1, €2, ... 5 &,- 
The extension of this idea, from the case when the components ¢, are ordinary 
numbers to that when they are themselves vectors leads to the consideration 
of such an expression as 
n 
A=sZa 
1 


i,j= 


ij °ij 

a series of n* terms representing a resolution of A into n* components a,; 
referred to a basis of n* units e, j; When, next, the laws of composition for 
these units are suitably chosen, namely 


Ci5ejn=Cixe «ij &pq=9 (JP), 
C550; =Cjs €;;&, =0 (j+h), 


then A is called a matrix, determined relatively to its fundamental basis e,; 
by its n* components a,;; which are ordinary numbers. This agrees with the 
Cayleyan definition when the a,; are arranged in rows (i) and columns ()). 
Furthermore, both agree with the concept that one vector x may be trans- 
formed into another y by means of the same entity A, so that y=Az. Indeed 
the formula e;,e;=e, illustrates this; for e;; is a matrix, and both e,, e; are 
vectors, e,; being the zero array except for a single unit at the ith row and 
jth column, e; being a zero vector except for a single unit as the jth com- 
ponent, and similarly for e;. 

The present book is constructed from this vectorial rather than the deter- 
minantal point of view, in contrast to several other recent works on the sub- 
ject, notably that of Cullis. To a great extent the distinction is merely one of 
notation, in that the same general programme can be carried out vectorially 
or determinantally, or, better still, by a judicious use of both methods. But 
there are certain subtle differences, at the threshold of the theory, which 
suggest that the full benefit of both views has not yet been attained. Two 
such differences deserve mention : first as to the definition of a matrix. Is it 
4 rectangular array of elements a,,;, in n rows and m columns, including as 
particular cases two distinct kinds of vector by making n=1 and m=1 respec- 
tively ? Or, is a matrix to exist only when subject to a basis e,; and not 
absolutely ? In which case n=m always, and two arrays [a;;], [b;;] denote 
the same matrix even when a,, is not necessarily equal to b;;, but 
where the f,; are a new basis equivalent to the e,;,. Secondly, according to 
this latter view, which is the thesis of the book, the process of transposition— 
that of interchanging rows and columns in a matrix—falls into the back- 


ground, and a valuable piece of matrical technique is lost. In the former case 
this process remains equally fundamental with those of addition and multi- 


@. 
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plication: and when, in particular, vectors are subject to the process, the 
scalar product of two vectors x and y, of one kind, is denoted by z’y or y’z 
indifferently. Here x and y each have n components arranged in a column, 
while x’ and y’ each have the same arranged in a row: 2’y is then a matrix 
of one row and one column, that is, a scalar expression, and furnishes merely 
a particular instance of the multiplication law of matrices. But apparently 
in the vectorial view, there is no insistence upon a distinction between x and 
x’. Instead, a notation—historically interesting through its use by Hamilton 
for quaternions—is employed, x’y being written as Sry. The bilinear form 
~ ,a;;n; then takes the alternative forms 


SxAy=SA’xy=SyA’x, 


instead of the simpler x’Ay=y’A’x. To a reader familiar with the latter, the 
S notation is a little baffling, particularly as it no longer obeys the associative 
law (for instance, (SA’)xy and (SxA)y presumably are meaningless, whereas 
(x’A)y=2’(Ay)). Thus the systematic distinction between two vectors x and 
x’ renders the associative law more flexible. It is a small matter of detail, 
but it is worth consideration. 

In one place (p. 131) the omission of any distinction between row and 
column vectors is seriously confusing, where the expression 


| 0a; 
0g; 


occurs, with only a vague definition (p. 72) of the meaning of the product 
ee;. (There is no ambiguity in e,’e; or e,e;’, once e; and e; are defined as 
column vectors). A misprint of A for | A | in defining a singular matrix (p. 7) 
might puzzle a beginner. 

The book, however, is hardly suitable for an introduction to the subject, 
but is remarkably complete and suggestive as an advanced treatise. The 
presentation is notably concise, comprising but 168 pages of subject-matter, 
followed by a few notes, and a long and valuable list of writings arranged by 
years from those of Hamilton in 1853 to a group of nearly twenty works in 
1933. The first three chapters give the theory as far as elementary divisors: 
Chapter IV deals with the singular case, following the methods of Kronecker, 
who first considered it. Chapter V introduces compound matrices and ap- 
proaches closely to the theory of groups by presenting the salient features of 
associated matrices originating with Schur. Chapter VI is on Hermitian, 
symmetric and skew matrices, with several very neat proofs of properties, 
such as the fact that the elementary divisors of a Hermitian matrix are simple. 
In dealing with pencils of such matrices the author successfully escapes a 
trap on p. 100 into which several other writers, including the present reviewer, 
have fallen! In Chapters VII, VIII and IX commutative matrices, matrix 
functions, analysis and automorphic transformations are considered, involving 
a wide range of topics. Incidentally (p. 122) the conditions under which a 
singular matrix may have an mth root are formally stated in terms of a set of 
Diophantine equations. The conciseness here is, however, misleading, for it 
inadvertently leaves the false impression that a solution always exists, which 
is not the case. The book closes with a tenth chapter giving a careful and 
illuminating account of Linear Associative Algebras. It is here that the 
vectorial treatment throughout the earlier pages finds its full justification. 

We are grateful to the author for such a provocative and stimulating book, 
which represents the mature thought, over a very extensive field, of an expert 
in the subject. H. W. T. 
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La Causalité des Théories Mathématiques. By G. Bounicanp. Pp. 41. 
12 fr. 1934. Actualités scientifiques et industrielles, 184; exposés de philo- 
sophie des sciences, III. (Hermann) 

Essai sur les principes des algorithmes primitifs. By F. Warrarn. Pp. 151. 
30 fr. 1934. Institute général psychologique ; Mémoires No. 6. (Hermann) 

When one compares a mathematical library with a library of a specialist in 
literature one difference is immediately evident. In both instances there will 
be collected works of the masters, periodical literature, and textbooks on 
various aspects of the subject, but the mathematical library will have very 
little that corresponds to the appalling array of books of literary criticism, 
and of books about books. The mathematical world would probably benefit 
by a strictly limited amount of critical comparison of the theories already in 
existence ; that such work may be creative cannot be doubted by anyone 
who has read the expository books of Klein, or who has seen the progress in 
some of the growing portions of analysis and algebra, which has been suggested 
by comparison of axiomatic foundations. 

Bouligand uses “ causalité ”’ in a rather peculiar sense ; a “ causal’ proof 
is one which goes to the heart of the matter without unnecessary restrictions 
or the use of unnecessary weapons. The present popularity of vector and 
matrix methods, and the use in analysis of arbitrary functions are, he con- 
siders, results of the attempts to furnish direct or causal proofs. He gives 
illustrations to enforce this point of view. The claim is made that mathe- 
matics is an objective science dealing with a reality and not merely a game 
played with symbols. I imagine that everyone believes this in his heart, and 
that the most extreme formalist only adopts the contrary view temporarily 
when he is actually dealing with formal work. The formalism is only the 
language, but grammar and syntax are in themselves legitimate objects of 
study. 

The second book will be of much less interest to mathematicians. It con- 
sists of accounts of the various types of addition and multiplication used in 
logic, ordinary algebra, vector algebra, and the algebra of hypercomplex 
quantities ; the report on the latter, however, ends with the pioneer work of 
Scheffers and Study, and takes no account of the recent important develop- 
ments. The book gives little but definitions, and though it is usually sound, 
it makes an occasional dive into mysticism, under the leadership of Wronski. 

H.G.F. 

Solid Geometry. By L. Lines. Pp. xx, 292. 6s. 1935. (Macmillan) 

In the preface the author states that the book is intended primarily for 
the use of pupils preparing for one of the Higher School Certificate Examina- 
tions. The book, however, contains much matter that is outside the scope of 
these examinations and is not readily accessible. A list of works which the 
author has consulted is given in the preface and gives an idea of the wide 
extent of ground covered. The title furnishes no hint of the variety of 
the subject-matter. A short summary of the contents will help to supply 
this defect. 

The first eight chapters (105 pages) give the usual school course of Solid 
Geometry. Chapter 9 is on Centroids, Chapter 10 on Rebatment, Chapter 11 
on Polyhedra, including instructions for drawing their Plans and Elevations. 
The last four chapters on Semi-regular- and Star-Polyhedra, Space Lattices, 
Sphere Packs and Crystals will not only be of interest to the student of 
Geometry, but will also serve as an admirable introduction to Mathematica! 
Crystallography and the Arrangement of Atoms in Crystals. 

A very precise plan is carried out throughout the text. Every chapter has 
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in addition to the bookwork a number of worked examples besides exercises 
for the student. An ingenious system of notation is adopted so that references 
to previous theorems or worked examples are quickly found. In each section 
the exercises for the student are put into three classes, A, B and C, in order 
of difficulty. The hints given in the Answers suggesting the method to be 
employed for solving the more difficult examples are a welcome feature. 

The attractiveness of a work on Solid Geometry depends much on the 
diagrams. These should be such that the reader can visualise the theorem 
under discussion or the solid body illustrated. Some day (perhaps ?) a Solid 
Geometry with stereoscopic photographs of actual models will be published, 
but for the present we have to content ourselves with conventional methods 
of drawing for producing the idea of solidity. A novel plan has been adopted 
by the author: the faces of the solids depicted are supposed to be (1) trans- 
parent, (2) semi-transparent, (3) opaque, (4) semi-opaque. A semi-trans- 
parent face reduces the thickness of lines seen through them and a semi- 
opaque one makes lines seen through them appear stippled. Any device of 
this kind which helps the reader to form a mental picture is justifiable. All 
the drawings are either isogonal projections or oblique projections, and in the 
opinion of the reviewer very few of them fail to give the instantaneous mental 
picture of solidity that is so desirable. Fig. 9, a tetrahedron whose edges are 
the face diagonals of a parallelepiped, two of the semi-regular polyhedra 
(Figs. 118 and 120), the diagonal-trisected lattice (Fig. 132), are less convincing 
than the others. 

The six systems of Space Lattices give their names to the six systems of 
crystals, and the principle of the Rationality of Indices, which is frequently 
puzzling to beginners in Crystallography, follows as a natural consequence. 
The 32 classes into which crystals are now divided are deduced from the 
various kinds of symmetry which are characteristic of the original six systems. 
The general investigation is part of the Theory of Groups and is beyond the 
scope of this textbook. 

A few points call for attention. The definition of a prismoid (page 4) does 
not agree with the figure, and the definition of a concave polyhedral angle 
(page 63) is obscure and requires simplification. Some of the proofs would 
have been simplified by the use of Spherical Trigonometry. For instance, on 
page 149 the ratio of a pair of unequal edges of a Triakis Octahedron, with 
regular octahedral angles, is investigated. (A Triakis Octahedron is a regular 
octahedron with triangular pyramids on its faces.) The figure used for the 
proof has no less than 15 named points, and the proof itself occupies about a 
page of print. But the face angle of one of the octahedral angles is the third 


side of a spherical triangle, of which the other two sides are each , and these 
include an angle also of ; . The required ratio is twice the cosine of this face 


angle, and the result follows immediately. 
The book will be welcomed by the student of Solid Geometry for its breadth 
of outlook and by the schoolmaster for its wealth of excellent examples. 
M. M. 


Vom Einmaleins zum Integral. Mathematik fiir jedermann. By E. CoLEnrvs. 
Pp. 404. 1935. RM.3; geb. RM. 5. (Zsolnay, Berlin) 

Much has been done in the last half-century to humanise the teaching of 
elementary mathematics in schools. In geometry it is now recognised that 
logical structure is not the sole ideal and is not an ideal that appeals to children. 
Algebra and trigonometry lead as rapidly as may be to the exciting ideas of 
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the calculus. Mechanics has been influenced permanently by Perry and Green- 
hill. Nevertheless, there are still a good many people who become convinced 
at school that they are constitutionally incapable of appreciating mathe- 
matics, and some of these grow to resent this slur on their capacity or to 
need the mathematics they have been discouraged from acquiring. It is for 
them that this book has been written, not by a mathematician but by an 
artist in words. ‘‘ Come to me with adult determination to learn”, he says 
in effect, “‘ and I will show you how fascinating and how simple are the great 
ideas underlying mathematical analysis.” The Gazette can hardly have any 
readers to whom this invitation is appropriate. But the arguments that are 
designed for the reader who is already prejudiced against the subject may 
well be successful with the unspoilt schoolboy, and for teachers of mathematics 
the book is packed with suggestions. 

The title is not rhetorical. Familiarity with the arithmetic of everyday life 
gives no inkling of the nature of mathematics, but a study of the principles 
involved in scales of notation is an excellent beginning. Before the end the 
theory of logarithms has been pursued characteristically to a discussion of 
interpolation and extrapolation in numerical tables. There are chapters on 
indeterminate equations, on irrational numbers, on recurring decimals, and 
on imaginary numbers, as well as on such obviously relevant topics as trigono- 
metrical functions, coordinates, and orders of magnitude—‘ Drei Arten des 
Nichts ”. The book is composed with the same mastery of language and the 
same lightness of touch as Whitehead’s Introduction to Mathematics, and if 
the one shows us how to draw outlines, the other is a good example of filling 
in details. 

There are too few books by which the teacher of mathematics is really 
helped to teach mathematics, and this addition to the number is welcome. 

KE. H. N. 


What is the Fourth Dimension? Reflections inspired by a pair of gloves. 
By C. W. R. Hooker. Pp. viii, 110. 1934. 5s. (A. & C. Black) 

This booklet reminds me of the kind of nursery tale in which the neglected, 
ill-used, or over-drilled toy rides to revenge on a nightmare. Everyone when 
young has inspired a pair of gloves ; on Mr. Hooker the reverse fate has fallen. 

Most of his reflections are of a familiar kind. The right-hand glove could 
be converted into a left-hand glove by pure rotation if it could evade the 
restriction to three dimensions. ‘If there be any evidence at all for the 
occasional visit here on earth of the ghosts of the departed, the whole matter 
is simplified if we can take it that they come to us along the fourth dimension 
from out the wider airs of four-space.” And so on. 

Mr. Hooker gives a careful account of molecular right- and left-handedness, 
and of optically active compounds, before asking whether they provide 
evidence for the existence of the Mind of God. He passes on to the theologians 
the idea that since our universe divides the larger four-dimension universe 
into two absolutely separate parts, there are two directions which a spirit 
when it is done with this earth can take, and these lead to entirely separate 
realms. 

He gives only “ a furtive glance at mathematics ”’, so it is not for the reader 
as mathematician to take him seriously. He is in fact scrupulous in his defence 
of the mathematician against common misunderstandings, and we need only 
protest that to the mathematician, at least since the time of Riemann, curva- 
ture in one space has not seemed to be “ proof positive of the existence of an 
extra dimension’. But what is “‘ existence ” ? 

Mr. Hooker’s speculations are airy, and it is only because he is by no means 
x 
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a windbag that he cannot be described as a typical victim of the inspiring 
glove. : 


E. 


The Teaching of Arithmetic. Pp. viii, 289. $1.75. 1935. Tenth Yearbook 
of the National Council of Teachers of Mathematics. (Teachers’ College, 
Columbia University, New York) 

The general character of these books which the National Council of Teachers 
began to publish in 1926 was described in detail in a notice in the Gazette, 
December 1932, and the current volume is compiled on the same lines. They 
differ from the Reports of the Mathematical Association in two important 
respects: (i) the various chapters in the book are contributed by individual 
teachers and are not designed to represent collective opinion ; (ii) there are 
numerous detailed statistical accounts of experiments which have been carried 
out to compare the efficiency of various methods. 

This volume is concerned mainly with the first stages of arithmetic, and a 
large part of it is devoted to the consideration of the value of the drill element : 
the general conclusion that elementary arithmetic should be regarded less as 
a challenge to the pupil’s memory and more as a challenge to his intelligence 
indicates briefly the character of the discussion. There is an interesting 
chapter on teacher-training courses which shows the great variety of methods 
employed ; and it is evident that at present there is no general agreement 
among those responsible for such courses as to what system is most effective. 

These yearbooks certainly deserve a place in every reference library for 
teachers. C. V. D. 


Tests in Mental Arithmetic. By A. J. Littman. Pupils’ Books, I, II, III. 
Pp. 60 each. 10d. each. Teacher’s books: I. Pp. xii, 75. IT. Pp. xii, 74. 
TII. Pp. xii, 76. 1s. 6d. each. 1935. (Harrap) 


Each book contains 60 papers of 12 questions. Book I covers work includ- 
ing decimals and proportion in arithmetic, quadratics in algebra, angle, line 
and area properties of rectilineal figures, and some mensuration. Book IT 
proceeds as far as compound interest, surds, indices and logarithms, the circle. 
Book III brings in the progressions, similar figures and questions on the 
trigonometrical ratios. The papers are progressive and each book revises 
earlier work. 

In the preface the author points out that the regular use of mental work 
provides quick revision, keeps formulae, etc., fresh in mind, separates the 
“ snag ” from other parts of a calculation, detects weaknesses in a class, etc. 
He does not mention the demands mental work makes on a pupil’s attention. 
Alertness is cultivated and weariness banished when suitable mental work is 
in progress. 

Most recent textbooks on arithmetic and algebra tacitly recognise the 
many advantages of mental (and oral) work by including batches of exercises 
chiefly to introduce new topics. The books under review go further, as each 
paper deals with almost as many topics as there are questions. And they 
introduce into each paper at least one question in geometry. In the later 
papers (Book IIT) the last three questions of each paper are devoted to geo- 
metry, mensuration and trigonometry. Each paper is indeed a 5-10 minute 
revision paper of rules and principles. 

Need it be added that books so admirably conceived and compiled are 
strongly recommended ? F. C, B, 
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A Concise Algebra. By S. H. J. Cox. Pp. viii, 164, xxiii. 2s. 6d. 1935. 
(Rivingtons) 

This textbook, obviously the work of a teacher, is arranged in three parts 
followed by a table of square roots and 23 pages of answers. Part I (62 pages) 
deals with coefficients, indices, symbolic representation, directed numbers, 
brackets, simple equations and simple algebraic manipulation. Part II 
(59 pages) treats of linear graphs, simple simultaneous equations, factors, 
fractions, quadratic equations, quadratic functions and their graphs, changing 
the subject of a formula. The subject-matter of these first two parts covers 
the syllabus for the Common Entrance examination. Part III (43 pages) 
deals with the theory of quadratic equations, harder factors, harder equations 
and more advanced graphical work introducing, in particular, the circle, 
ellipse and hyperbola. 

In the text the various topics are, in general, clearly and attractively 
treated in simple language such as the pupil can understand, and are abund- 
antly illustrated by well-chosen and carefully-graded exercises. There are 
also revision sets of examples inserted at the end of each of the three parts. 

It would be, perhaps, too much to expect any ordinary boy to grasp the 
treatment of directed numbers without the help of the living voice of the 
teacher. The graphical work would well serve as a simple and informal 
introduction to analytical geometry. 

In striking contrast to the lucid exposition generally found in this text- 
book, there seems to be some confusion in the last section (§ 52, p. 163). It 
is headed “ A Note on Division by Zero ”’, and, discussing the equation 

<1 
a-b a-b’ 

reads: “ If a=b and therefore a—b=0, both sides of the equation become 
infinite and the deduction «=y is not justifiable. Hence whenever we divide 
both sides of an equation by any quantity p we must make the reservation 
‘provided p +0’. The conclusion is important, but the argument is obvi- 
ously faulty. Without introducing intinities it is easy to convince any pupil 
that the equation pa =py is satisfied by p=0 whatever values be assigned to 
aand y, and this is contirmed by arranging the equation in the form p(x — y) =0, 
which leads to either p=0 or x -y=0. 

There seems to be a misprint on page 150, line 14: ‘‘ above and below ” 
instead of “‘ right and left of ”’. W. J.D. 


Geometry by a Simplified Method. By K. H. Spracur. Pp. viii, 60. 2s. 
1935. (Technical Press) 

This is a new issue of Geometry for Technical Students, the change of title 
indicating that the aim of the book is “‘ to reduce the great labour involved 
in the Euclidean method without sacrificing its logical sequence ’’. It is little 
better than a mere outline, lacking in precision, and dealing with the elemen- 
tary facts of Euclidean geometry in ways often unintelligible to a student not 
already acquainted with them. 

Parallels are introduced by the definition ‘‘ When the angle between two 
lines is zero, the lines are parallel”. The proof that two parallel lines are 
inclined at equal corresponding angles to any transversal consists in stating 
that since the transversal “is equally inclined to both of them ” the angles 
are equal. As a corollary it is stated that the converse of this and the allied 
propositions ‘‘ is obviously true ’’, because “if they be not parallel those 
statements cannot be true ”’. 

Would it not be better to state as assumed facts certain carefully-chosen 
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results of intuition and experience and make them the basis of subsequent 
logical treatment, without any pretence that such fundamental facts have 
been logically proved ? 

Even if such treatment might be excusec on the ground that the book is 
intended for students of meagre mathematical training, nothing can excuse 
the lack of precision in the wording. Here are a few instances : 

“* Proposition 5. A triangle is determined when two angles are given, and a 
side which is known to be either opposite or adjacent to these angles.”’ 

** Proposition 23. In any circle the product of the segments made by the 
intersection of two chords with the circumference are equal.” 

The following statement sums up the conditions which determine the 
similarity of triangles : 

“ Two triangles are similar when 

1. One angle in the one is equal to one angle in the other, and the ratio of 
the sides about these angles are equal ; 

2. One angle in the one is equal to one angle in the other, and the ratio of 
any two sides in each are equal, provided that the triangle is determined by 
the three parts considered ; 

3. Any two side-ratios in each are equal ; 


4. Any two angles in each are equal.” 

A similar lack of precision is noticeable in some of the diagrams and in the 
constructions stated as suitable for the solution of problems. 

The book contains some good work in solid mensuration. W. J. D. 


The Citizen and His Money. By H. M. Coox. Pp. 93. 2s. 1934. (Printed 
for private circulation) 

This enterprising little book is an elementary introduction to what might 
be called “ financial citizenship”. It is not a textbook on Arithmetic, but 
provides a practical, everyday background to the arithmetical processes dealt 
with by the ordinary books. There are chapters on Money, Buying and 
Selling, Community Finance (Local and National), Stocks and Shares, Partner- 
ships, Company Finance and Banking, with brief references to Foreign Ex- 
change and the Gold Standard. Plenty of really practical examples are given. 

In the words of the Preface, ‘‘ The language is that which might be used by 
a teacher to a class, and in the early chapters is suitable for twelve-year-olds. 
...” In practice some care would be needed in selecting the portions of the 
book suitable for such young children. 

The author has approached the subject of Arithmetic in an admirable 
way, showing its relation to real life, but it is a pity that she has allowed the 
result to be marred by loose or incomplete statements and that on certain 
subjects she has made serious errors of principle. For example, we read on 
p. 34 that ‘“‘ no one can be insured against death ’’, and this is followed by an 
attempt to explain the profit or loss to a life assurance company as the dif- 
ference between premiums paid and sum assured, interest being mentioned as 
a fortuitous offset to losses. There is no clear explanation of the fundamental 
principle of assurance and the income tax rebate on life premiums is in- 
correctly stated. 

Again, on p. 59 we find a reference to “‘ Debenture Shares’, and there is a 
paragraph on Deferred Shares which reveals a touching faith in the morals 
of company promoters rarely justified by experience. 

There are points mentioned which would have been better left out, unless 
adequately dealt with—for example, “ runs” on banks, introduced in the 
chapter on Interest, instead of that on Banking; the crossing of cheques ; 
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Estate Duty, without explaining the meaning of the word “‘ Estate”; and a 
confusion of the terms “‘ Insurance Broker ” and “‘ Underwriter ”’. 

The section on the purchase and sale of Stocks and Shares is mainly satis- 
factory, though there are some inaccuracies. The reader is referred to the 
daily paper for security prices for use in doing the examples, but there is no 
explanation of the difference between buying and selling prices. In calculat- 
ing net income it would be more in accordance with practice, and often 
simpler, to work the gross income and then to show the deduction of tax, 
rather than to work the net rate of income and then the net amount. 

Savings Banks and Certificates are adequately dealt with, but the distinc- 
tion between simple and compound interest is shown by numerical example 
rather than by general principles. The statements as to the actuary’s method 
of calculating annuity rates and as to life office book-keeping are incorrect. 
The specimen calculation on p. 69 ignores the mortality element and should 
not have been attempted. In Exercise 5 on p. 71 the student is asked to find 
the cost of a life annuity (no age given) “if the company takes no risks ”’. 
The solution given is the value of a perpetuity. 

To sum up, Miss Cook has started with commendable ideas, but has failed 
in the execution of them. Most of her errors could have been avoided by 
consulting standard works of reference or by obtaining advice from those 
whose daily business is concerned with these subjects. A thorough revision 
would produce a valuable little book *. A. F. Lockwoop. 


Fundamental Geometry. By P. B. BaLLarp and E. R. Hamitron. Books 
land II. Pp. 32 each. 7d.each. Book III. Pp. 48. 8d. Teacher’s Book. 
Pp. 94. 28. 9d. 1935. (University of London Press) 

These books represent an approach to geometry from a fresh angle, that of 
shape. Book I is intended to be used in conjunction with a box of cardboard 
tiles, comprising various geometrical shapes, squares, rectangles, triangles, 
and soon. These can be put together to form patterns and the shapes can be 
found and identified in common objects. Other ideas, such as angles, parallel 
lines and symmetry, are also introduced in an informal way. In Books II 
and III the same ideas are developed in a more precise way and measurement 
is brought in. This leads to definite pieces of geometrical knowledge, the 
angle properties of parallel lines, the properties of parallelograms, etc. The 
use of the ordinary geometrical instruments is also introduced gradually 
throughout these later books. 

The ideas underlying this treatment are explained shortly in the introduc- 
tion to the Teacher’s Book. The authors point out that, although geometry 
is not ignored in the infant school, it is neglected after that until the children 
reach an age when they have enough manipulative skill to use instruments. 
This approach through the use of instruments is the modern alternative to 
Euclid. The authors use the child’s interest in shapes to fill in the ‘ neglected 
middle”. They take the kindergarten methods and make them more pur- 
poseful so that they lead on to formal geometry. It is common experience 
that when a child begins geometry he has certain hazy notions which he has 
gleaned from his contacts with the world. The very early work is to make 
these ideas precise and explicit, and it is in this process of achieving precision 
that these books should prove valuable. That the idea of shape should be 
more intricately woven in with the ideas which form the groundwork of the 
child’s geometrical knowledge, and that this should be more intimately con- 
nected with the shapes of common objects is also all to the good. One of the 


* A revised edition has been published by Arrowsmith (Bristol) but the review 
copy was received too late to be referred to in this notice. 
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attractive features of the books is the way in which the notions of geometrical 
shapes are linked up with such things as bicycles and tennis racquets, which 
are within the child’s experience. 

So far there would probably be almost unanimous agreement among 
teachers, but another point which the authors raise seems more questionable. 
They deliberately make the abstraction from the reality of the solid world at 
the very beginning of the course and treat only of plane figures. This they 
justify by a claim that it corresponds to the child’s interest and abilities. 
From the fact that he lives in a solid world “ it does not follow ’’, they say, 
‘* that he thinks in no other than three-dimensional terms’. This is a debat- 
able point, but even if it were true, it would be desirable for him to be encour- 
aged to think of his geometry as embracing three dimensions, and not as 
solely applicable to plane figures. It seems possible that a very interesting 
approach could have been made on more or less the same lines but starting 
from some adaptation of the child’s building bricks. The question of solid 
geometry was discussed in the 1923 report of the Mathematical Association 
on the Teaching of Geometry, though it is doubtful to what extent it is even 
now incorporated with the plane work. 

Apart from this, the Teacher’s Book contains many valuable hints and 
suggestions. It would be interesting to know from the experience of teachers 
who have approached it from this angle with young children whether the 
problems of teaching geometry in the senior school are solved, as the authors 
expect. A continuation of the course for senior schools is promised, and we 
shall look forward to seeing the working out of this interesting idea. J. H. H. 

This material for Stage A geometry is, of course, intended for pupils of 
preparatory school age. But teachers of older pupils must often lament that 
the experience of geometrical shape which should be derived from the method 
is too often lacking. Elementary ideas of shape, direction, symmetry, etc., 
grow out of a contemplation and discussion of familiar objects and the con- 
struction of patterns with coloured tiles. In such a treatment it is difficult 
to understand why the work is limited to two-dimensions and that simple 
three-dimensional models are not introduced. Many teachers believe that 
the solid is the real starting part for geometrical experience. Be that as it 
may, it seems inevitable that pupils brought up on these books would be 
well prepared for Stage B—Deductive Geometry. F.C. B. 


Trigonometry. By G. W. Brewster. Pp. viii, 304. 5s. 1933. 
Calculus and Coordinate Geometry. By G. W. Brewster. Pp. vii, 326. 
5s. 1934. (Oundle School Bookshop) 


These two volumes were printed originally for Oundle School. They have 
been made available for general use, and may be obtained through the bookshop 
at Oundle. Each is bound in strong cloth and contains a set of answers, an 
index and an appendix of formulae. 

The early chapters of the 7'’rigonometry follow the usual lines of development 
though the progress is rapid and there are many unusual features. The sine 
and cosine of obtuse angles are defined to make the formulae a/sin A =b/sin B 
and a*=b* +c — 2be cos A true for all triangles. The functions of 0° and 90° 
receive more than usual care. A special chapter is devoted to work in three 
dimensions and includes an introduction to the problems of surveying as well 
as plane and great circle sailing. The general values of the functions and the 
principal values of the inverse functions are well done. The three chapters 
on spherical trigonometry, astronomy and map projections provide some re- 
freshing applications of the routine work. The treatment is scant, though 
sufficient for the scope of the book and should prove useful to specialists in 
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geography. A final chapter on complex numbers gives an outline of the more 
advanced parts of the subject. Graphical work does not receive the prominence 
it merits, while calculations with logarithms are not tabulated, and so fail to 
show that economy so vital in the solution of triangles. 

The examples are very numerous and provide plenty of routine work, in 
addition to interesting applications of the subject at all stages. 

The printing should receive some care in revision. The letter a in figures 
becomes sometimes a and at others a in the text. An insistence on the use 
of heavy type for all results and formulae causes occasional difficulties which 
areirritating. I appears usually as 1 in heavy type and 7 as an index has to be 
printed in ordinary type. Misprints are numerous and there are several mis- 
statements. On p. 243 the stereographic projections of the meridians and 
parallels are said to be ares of circles and, on p. 268, e#7 is given as unity. 

The other volume devotes nine chapters (173 pages) to the calculus, and 
nine chapters (125 pages) to coordinate geometry. Room has been found 
for a chapter on Taylor’s theorem, some differential equations and partial 
differentiation, and another on the coordinate geometry of three dimensions. 
The result is that the work is so compressed that very much of its value is 
destroyed. 

There is definite confusion between increment and differential. In the 
preface the author states that 5x represents a finite increment and that it will 
be called a differential. On p. 44, dealing with the integration of f(x), we are 
asked to find a function F'(x) whose differential is f(z) . 5a. The exponential 
and logarithmic functions are introduced by a graphical treatment defining 


f(X) as (* dx/x, and calling e that value between 1 and 4 for which f(X)=1. 


An attempt is made to make the old treatment of the length of an arc a little 
more rigorous, but concludes by saying that “in examples we may use 
(8s)?=(82x)?+(Sy)?”’. The examples are good and there are many worked 
examples in the text designed to lead the student past the pitfalls in definite 
integration. 

In the Coordinate Geometry, which does not deal with general curves except 
as illustrations in the use of polar coordinates, the examples are again the best 
part. The equation of the tangent to a curve is found by differentiation, yet 
there is no mention of uniform gradient in the treatment of the straight line. 
The perpendicular from a point to a given line is found by calculating sin 0 
given tan @; the ambiguity in sign is resolved by giving a rule “ to get the sign 
to come positive’. Some rules for dealing with determinants are given, one 
of which (5) on p. 211 is incorrect. The treatment of pole and polar is laboured 
and the harmonic property is not mentioned. The hyperbola receives only 
three pages and no parametric form is given. 

The results in this book are also in heavy type, as are all +, — and = signs. 
In the figure on p. 241 the points M, Y, S should be collinear and SP should be 
equal to ST’. The ellipse on p. 242 is not symmetrical about its minor axis and 
on p. 246, we find “‘ «=a in Fig. 42”. These are blemishes, which should be 
avoided, in a book which is intended for pupils at an age when the slightest 
encouragement leads to a looseness of mathematical expression which is con- 
trary to the main purpose of teaching the subject. W. J. L 


Metodi matematici. Essenza, tecnica, applicazioni. By G. Lorra. Pp. xv, 
276. L.20. 1935. (Hoepli, Milan) 

Professor Loria has divided his book into three sections. In the first he 
discusses methods which are general, in the second and third those which are 
special to geometry and to analysis respectively, Thus in the first section 
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there are chapters on analysis and synthesis, reductio ad absurdum, mathe- 
matical induction, the use of analogy, with happily-chosen illustrations—for 
example, Bernoulli’s proof by reductio ad absurdum that 2'1/n is divergent. 

The section on geometry seems more of a unity than the other two. From 
short chapters on elementary uses of constructions it leads up finally to a 
brilliant chapter on the methods of research appropriate to algebraic geometry, 
giving an insight into the spirit and style of the more elementary parts of 
that subject ; this is as stimulating as we should expect from Professor Loria 
writing on a domain in which the most prominent investigators have been 
Italians. 

If in the second section we are almost led to believe in the existence of the 
geometric method, in the third the unity has disappeared. Not so the interest ; 
algebra naturally groups itself round the study of equations, and a chapter 
on what the seventeenth century thought about limits is all too brief. But 
the chapter on infinitesimal analysis is simply a collection of dodges of the 
field ; we learn how to cross a particular stile, but not why. 

It would be ungracious to close on a note of adverse criticism. From Pro- 
fessor Loria we can catch “ tricks of the tool’s true play”; he shows us the 
tools, he demonstrates their uses, and above all he spares us those verbose 
explanations which, however necessary to a beginner, are, at the stage of 
maturity for which he caters, only a bar to the student’s progress to an 
efficient familiarity. The book is clearly printed on good paper, and is hand- 
somely and strongly bound. 2. A.A Be 


Bibliotheca Chemico-Mathematica. First Supplement. Compiled and 
annotated by H. Z(EITLINGER). Pp. xii, 496. 10s.6d. 1932. (Henry Sotheran) 


Sotheran’s Lists are almost a liberal education in mathematical history. 
This First Supplement to the famous Bibliotheca Chemico-Mathematica con- 
tains some seven thousand entries with those scholarly, apt and often gently 
satirical comments we associate with the compiler’s name. There are repeti- 
tions ; some of the undated quotation-comments might possibly mislead the 
unwary; an inhuman bibliographer (if such a monster exist) might pick 
faults. But the ordinary mortal will dip here and there, and come up, now 
with Arthur Bedford (chaplain to Frederick Prince of Wales), whose Horae 
Mathematicae Vacuae is “ probably the only mathematical treatise ever 
written as a distraction from the pain of sciatica ”, or with John Sidebottom, 
whose great work, Mysteries of Creation Solved, contains “‘ the explanation of 
everything ”’. If historians remember Jean Paul Marat as “ l’ami du peuple ”, 
do scientists recall him as the author of a theory of heat ? Indeed, if a portion 
of the happiness of just men made perfect be derived from an exquisite per- 
ception of the ludicrous (as Macaulay says Soame Jenyns imagined), then 
Messrs. Sotheran have given us the chance of possessing a little heaven below. 

If I have stressed the entertainment value of this volume, it is because 
there can be no reader of the Gazette who needs to be told how valuable a 
work of reference it is. T. A. A. B. 


1028. That’s what you inventors don’t realise ! A thing can be so clever 
that it takes your breath away with admiration, but unless its production 
cost is at least four hundred per cent. less than its selling price, no manu- 
facturer is going to risk his money on it.—Leo Walmsley, Phantom Lobster, 
p. 185 (1933). [Per Mr. F. Robbins.] 


PRINTED IN GREAT BRITAIN BY ROBERT MACLEHOSE AND CO. LTD, 
THE UNIVERSITY PRESS, GLASGOW 
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THE LIBRARY October, 1935 


160 CastLE Hitt, READING. 


GREENSTREET’S Methodical Arithmetic. 
A COLLECTION of schoolbooks given to the Library some time ago included 
Parts I, III, V of The Methodical Arithmetic, a set of paper-cover booklets 
prepared by W. J. Greenstreet in 1907. Because of the authorship, the set 
ought to be completed for the Association, but parts are no longer obtainable 
from the publishers. Can any member make a pious gift ? 

ACCESSIONS. 
Tue Librarian reports gifts as follows : 
From Sir C. V. Boys, his booklet : 


The Natural Logarithm - - - - - 1935 

From Mr. T. A. A. Broadbent : 
M. C. CuampneEys English Bibliography of Examinations - - - 1934 
C. T. Hersen Mathematical and Geometrical Demonstrations {2}- 1934 


“The Circle Squared beyond Refutation. Behold! The 
Grand Problem no longer unsolved.”” The value given is 
34}. The volume is extended by two insets, of which the 
second is dated 1935. 


Sotheran’s Bibliotheca Chemico-Mathematica. First Supplement - 1932 


From Dr. §. Ganguli, two sections missing from the set of his articles on the 
Indian origin of place-value notation. 


From Lt.-Col. W. A. Garstin : 
C. J. DE LA VALLEE PovssIN 


Cours d’Analyse (2 vols.) {6} - - - - 1926, 1928 
From Prof. J. Hadamard, a paper : 
La notion de différentielle dans Venseignement - - 19238 


which is of special interest in view of recent contributions to the Gazette. 


From Prof. J. Maclean, a set of articles, Mathematics and Education, reprinted 
from The Times of India, 1929, and his books : 


Descriptive Mathematics - - - - - 1935 
Graphs and Statistics - - : : - - 1926 
From Prof. E. H. Neville : 

A. Foren Technische Mechanik ; IL: Graphische Statik {2} - 1903 
Vols. I and III are still wanted to complete the set of four 
volumes. 

From Mr. A. B. Oldfield : 
W. N. Bary Generalized Hypergeometric Series Cambridge 32 1935 


From Mr. E. R. Thomas : 
M. Roserts and E. R. Tuomas 
Newton and the Origin of Colours - - - - 1934 
From Mr. C. W. Adams, from Mr. W. A. Gilmour, and from Mr. H. E. 
Tester, collections of textbooks. 


From the University, Buenos Aires, as publications exchanged for the 
Gazette : 


H. Broger Analisis Matematico ; I - - - - - 1919 
The second volume was already in the Library. 
E. Burry Fisica MatemAtica ; II - - - - - - 1934 
From the University, La Plata, as a publication exchanged for the Gazette : 
M. SmmonoFF Electricidad y Magnetismo - - - : - 1935 


xl 
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The following have been bought : 


P. M. RicuEs Bibliography of Collected Biography - - - 1934 
Ladies’ Diary, 30-58, 69-79 - - - - 1733-1761, 1772-1782 
The Mathematician, 1-3 - - - - - - 1845, 1847, 1850 


See Archibald, Gazette, xiv, p. 396. This set has the title- 
pages issued by George Bell, the original publisher, at the 
completion of each volume. The stock was afterwards taken 
over by Spon, who printed title-pages dated 1856 for all 
three volumes. 


MANCHESTER BRANCH. 
MEETINGS: SEPTEMBER 1934-May 1935. 


9th October, 1934. The President of the Branch, Prof. D. R. Hartree, 
gave an explanation of the theory and construction of a machine to perform 
the mechanical integration of differential equations. He described the work 
of Dr. Bush of Boston, Mass., and exhibited a model of the machine which 
was being constructed in Manchester. 

20th November, 1934. Mr. J. H. Doughty gave a lecture on “‘ The Intro- 
duction to the Calculus”. He showed how by taking a series of approxima- 
tions the two fundamental theorems of the rate of change and the area under 
a curve became inevitable. 

15th January, 1935. Mr. A. Robson of Marlborough College gave a paper 
on homography. He developed the subject as a part of a VIth form course, 
and showed its connection with both pure and analytical geometry. 

6th March, 1935. Professor Stratton of Cambridge lectured on “‘ Theories 
of New Stars”. Illustrated by photographs and graphs, the lecture showed 
the sequence nebula, new star and aurora, and outlined the results of spectro- 
scopic research. 

22nd May, 1935. Mr. G. F. Parsons, of the London Branch, lectured on 
“ A Junior Mathematical Association ”’, and outlined the work done by such 
an association among six London schools. Specimen papers read by boys 
were mentioned and samples of the questions set at problem drives. 


VICTORIA BRANCH. 
THERE are seven members of the Association, and about 30 associates. The 
President for 1934 was Professor Nanson. 
The meetings held during the year were as follows : 


20th March. General discussion on the mathematical papers set for the 
Public Examinations of the Melbourne University in Dec- 
ember 1933 and February 1934. 


April. Presidential Address on Euclid. 

19th June. “ Dissections and Transpositions”, by E. H. Palfreyman, 
B.Sc., B.E. 

July. During this month Professor Cherry gave a series of three 


lectures on ‘‘ The Teaching of Algebra in Schools”. This 
was arranged in connection with the University Extension 
Board. 

25th Sept. ‘“‘ Mechanical Aids to Drawing”, by A. H. Faul, B.A, 
B.Mech.E., B.E.E. 

Owing to the Centenary Celebrations and the large number of fixtures, it 
was decided to postpone the paper to be given by Mr. Picken till 1935. 
J. A. SErrz. 
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BOOKS RECEIVED FOR REVIEW 


BOOKS RECEIVED FOR REVIEW. 


P. B. Ballard and J. Brown. The London arithmetics. Second series. Pupil’s 
book III. Pp. 80. Paper, 10d.; limp cloth, ls. Teacher's book III. Pp. 88. 
2s. 3d. 1935. (University of London Press) 

P. B. Ballard and E. R. Hamilton. Fundamental geometry. First series. Pupil’s 
book I. Pp. 32. Paper, 7d.; cloth, 9d. Tiles for use with Book I, ls. Pupil’s 
book II. Pp. 32. Paper, 7d.; cloth, 9d. Pupil’s book III. Pp. 48. Paper, 8d. ; 
eloth, 10d. Teacher’s book I-III. Pp. 94. 2s. 9d. 1935. (University of London 
Press) 

W. G. Borchardt. A School Certificate algebra. Pp. xii, 431, Ixxvi. 4s. 1935. 
(Rivingtons) 

G. Bouligand. Premiéres legons sur la théorie générale des growpes et ses applica- 
tions a Varithmétique, aU algébre, ala géométrie. Pp. vii, 241. 40fr. 1935. (Vuibert) 

C. Carathéodory. Variationsrechnung. Pp. xi, 407. Geb. RM.22. 1935. 
(Teubner) 

E. U. Condon and G. H. Shortley. The theory of atomic spectra. Pp. xiv, 441. 
42s. 1935. (Cambridge) 

P. Couderc et A. Balliccioni. Premier livre du Tétraédre. Pp. viii, 204. 40 fr. 
1935. (Gauthier-Villars) 

C. J. Cozens. Higher mathematical papers. Pp. 176. 3s. 1935. (Arnold) 

H. H. Dalaker and H. E. Hartig. The calculus. 3rd edition. Pp. viii, 276. 
12s. 6d. 1935. (McGraw-Hill) 

A. R. Forsyth. Intrinsic geometry of ideal space. I, II. Pp. xxvi, 553; xiv, 
655. £6 6s. 1935. (Macmillan) 

R. J. Fulford. Revision and mental tests in arithmetic, trigonometry and algebra. 
Pp. vi, 91. 1s.; with answers, 1s. 6d. 1935. (University Tutorial Press) 

G. Julia. Ezercices d’analyse. IV. Equations aux dérivées partielles du 
premier ordre. Pp. 230. 60 fr. 1935. (Gauthier-Villars) 

H. W.E. Jung. LHinfiihrung in die Zahlentheorie. Pp. viii, 105. Geh. RM. 4.20; 
geb. RM. 5. 1935. (Janecke, Leipzig) 

C. J. Keyser. Mathematics and the question of Cosmic Mind, with other essays. 
Pp. v, 121. 75 cents. 1935. Scripta Mathematica Library, 2. (Scripta Mathe- 
matica, New York) 

J. Lemaire. Hypocycloides et epicycloides. Pp. vii, 295. 22 fr. 1929. (Vuibert) 

A. J. Lilliman. Tests in mental mathematics. Pupil’s book II. Pp. 60. 10d. 
Teacher's book II. Pp. xii, 74. 1s. 6d. Pupil’s book III. Pp.60. 10d. Teacher's 
book III. Pp. xii, 76. 1s. 6d. 1935. (Harrap) 

A. S. Ramsey. A treatise on hydromechanics. II. Hydrodynamics. 4th edition. 
Pp. xii, 415. 16s. 1935. (Bell) 

R. Rothe. Héhere Mathematik fiir Mathematiker, Physiker und Ingenieure. III. 
Pp. ix, 238. RM. 6.60. 1935. Teubners mathematische Leitfiden, 23. (Teubner) 

F. Schilling. Die Pseudosphdre und die nichieuklidische Geometrie. 2nd edition. 
Pp. vi, 215. Geb. RM. 13.60. 1935. (Teubner) 

J.-B. Tourriol. Chaleur. Pp. 304. 35 fr. 1935. (Gauthier-Villars) 

H. Tripier. Les logarithmes et les puissances en partant de Vhyperbole. Pp. viii, 
50. Sfr. 1934. (Vuibert) 

G. Vivanti. Hsercizi di Analisi infinitesimale. 3rd edition. Pp. 404. L. 55. 
1935. (Lattes, Turin) 

J. M. Whittaker. Interpolatory function theory. Pp. vii, 107. 6s. 6d. 1935. 
Cambridge Tracts, 33. (Cambridge) 

Sotheran’s Bibliotheca Chemico-Mathematica. First Supplement. Pp. xii, 
496. 10s. 6d. 1932. (Henry Sotheran) 


THE MATHEMATICAL ASSOCIATION. 
(An Association of Teachers and Students of Elementary Mathematics.) 


“1 hold every man a debtor to his profession ; from the which as men of course do seek to receive 
countenance and profit, so ought they of duty to endeavour themselves, by way of amends, to be 
a help and an ornament thereunto.” —Bacon (Preface, Maxims of Law). 


President: 
A. W. Srmwpons, M.A. 


Acting Hon. Treasurer : 
K. 8. Snett, M.A., Harrow School. 


Hon. Secretaries : 
C. Penptesury, M.A., 39 Burlington Road, Chiswick, London, W. 4. 
Miss M. Punnett, B.A., 17 Gower Street, London, W.C. 1. 


Bon. Pibrarian: 
Professor E. H. Nrvitxz, M.A., B.Sc., 160 Castle Hill. Reading, Berks. 


Editor of The Mathematical Gazette : 
T. A. A. BroapBent, M.A., 62 Coleraine Road, Blackheath, London, S8.E. 3. 


Bon. Secretary of the General Teaching Committee: 
Aan Rosson, M.A., Marlborough College, Wilts. 





Bon. Secretary of the Problems Surear: 
A. 8. GosseT Tanner, M.A., Derby School, Derby. 


Bjon. Secretary of the Examinations Sub-Committee: 


W. J. Dosss, M.A., c/o H. J. Evans, 17 Connaught Avenue, East Sheen, 
London, 8.W. 14. 


Bon. Secretaries of the Branches: 
Lonpon: Miss E. L. Barnarp, 26 Blomfield Road, W. 9. 
C. T. Dattry, B.Sc., 112 Canberra Road, Charlton Park, S.E. 7. 


Nortn Watzs: Professor W. E. H. Berwick, Se.D., Ceinwen, Upper Bangor, 
North Wales (pro tem.). 


YORKSHIRE : J. D. Epineton, B.Sc., The Training College, York. 
BRISTOL : G. W. Hinton, M.A., 36 Ravenswood Road, Bristol, 6. 


MANCHESTER AND Distriot: A. I. Grecory, M.A., The County High School for 
Boys, Altrincham, Cheshire. 


CaRDIFF : A. Heptey Pops, M.Sc., University College, Cardiff. 


MIpLanD : Miss L. E. Harpoastie, M.Sc., Holly Lodge High School for 
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